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AxnHomauyus. VlccnemoBaHUI MOTOKOB Puyuyn
Ha (IICeBJ0)PUMAHOBBIX MHOTOOOPA3UsAX IMOCBSIIEHBI
paboThI MHOTMX MaTeMaTHKOB. IIp1t 9TOM OfHIM 13 Te-
CTOBBIX IIPMMEPOB ABJIAITCA Tpynmsl JIu ¢ neBouH-
BapMAHTHONM PMMaHOBON UM JIOPEHLE€BOI METPUKON
u cBA3SHOCTBIO JleBu-YuButel. Panee notoxu Puyun
Ha TpeXMEepHBIX YHUMOJYIAPHbIX rpymmnax JIu ¢ neBo-
VHBApMAHTHOV PUMMaHOBOJ METPUKOI U CBA3SHOCTDHIO
Jlesu-YuButol nsydanuco B paborax JI. Knonda,
K. Maxkreopa, B paboTax aBTOpOB JaHHasI 3a/ja4a pela-
7Iach Ha TpeXMEePHbBIX Ipynnax JIu ¢ 1eBoMHBapUaHTHOM
PUMaHOBOJ METPUKON B K/Iacce MOTyCUMMEeTPUYIeCKUX
skBUaHUHHBIX CBA3ZHOCTEI. B paMKax faHHOTO MCCITe-
TOBaHUA PacCMAaTPUBAETCA MOBeJeHNe MOTOKa Puaun
Ha TpeXMEepHBIX YHUMOJYIAPHbIX rpymmnax JIu ¢ neBo-
VHBAaPUAaHTHOI JIOPEHI[€BOM METPUKOI U CBA3HOCTDHIO
JleBu-YuBUTHL.

B xooppunarax [I>x. MuiHOpa MCXOHO€E ypaBHe-
HIle 0TOKa Puuun mpeobpasyercst B cuctemy nudde-
PeHLMATbHBIX YPAaBHEHNI, COIEPKAIMX CTPYKTYP-
Hble KOHCTaHTHI aarebp JIu. VMccrenoBansl pelureHus
IUIsE K&K/IOTO 13 BO3MOXKHBIX TUIIOB IICEBLOOPTOOA3M-
ca B anre6pax Jln.
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Abstract. The study of Ricci flows on (pseudo-)
Riemannian manifolds has been the subject of work
by many mathematicians. Among the key test cases are
Lie groups equipped with a left-invariant Riemannian or
Lorentzian metric and the Levi-Civita connection.

Previously, Ricci flows on three-dimensional
unimodular Lie groups with a left-invariant Riemannian
metric and the Levi-Civita connection were investigated
in the works of D. Knopf and K. McLeod. In the authors’
papers, this problem was addressed on three-dimensional
Lie groups with a left-invariant Riemannian metric within
the class of semisymmetric equiaffine connections.

This study examines the behavior of the Ricci flow
on three-dimensional unimodular Lie groups endowed
with a left-invariant Lorentzian metric and the Levi-Civita
connection.

In J. Milnor’s coordinates, the original Ricci flow
equation transforms into a system of differential equations
involving the structure constants of Lie algebras. Solutions
have been investigated for each of the possible types
of pseudo-orthogonal bases in Lie algebras.
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BBenenue

B nmannoit pabore cummerpudeckne moToku Pud-
9U OMpPEeIaIOTCa HA TPEXMEDPHBIX yYHUMO/IYISPHBIX
rpynmnax JIn ¢ JJeBonHBapMaHTHON JIOPEHIIEBOW MeT-
puKOit u cBa3HOCTHIO JleBn-YuBUTHI.

IMyctr M — (mceBao)prMaHOBO MHOTOOOpa3ne
pasmepHocTu n ¢ Merpuueckum renzopom ¢(X,Y)
u cBa3uocThIo Jlesu-Uusnrer V9. Paccmorpum na M
OJIHOLIADAMETPUYUECKOE CeMEHCTBO PUMAHOBBIX MET-
puK ¢(t) u 3amuineM ypaBHEHHE TTOTOKa Pruddan

L o)

= —Ric(g(?)). (1)
Ypasuenue (1) Buepsere uccrenosanocs P. Tamums-
TOHOM B DHMAHOBOM CIIydae [jisi cBsi3HocTH JleBu-
Yuenrer [1]. U3secrro, uro renzop Puuun B (rices-
JI0)PUMAHOBOM CJlydae, BOOOILE FOBODSi, HE sIBJISIETCsI
CUMMETPUYECKUM. HOSTOMy €CTECTBEHHbBIM ABJIACTCA
PACCMOTPEHUE CUMMETPUYECKOH YacTu Ten3opa Pud-

91 1 CUHMMETPHYECKOr'o IIOTOKa Puaun BUIa

0
59(t) = — Sym(Ric(g(t)))- (2)
Paccmorpum nasiee cay4dail, korma G — Tpex-
MepHas YHUMOAyagpHas rpynna Jlu ¢ jmeBonnBapu-
AHTHOM JIOPEHIIEBON METPUKO# W CBA3HOCTBLIO JIeBu-
Yupuret. Torma B anredpe Jlu rpynnet G cyriecTBy-
er nicesnooprobasuc {Ey, Ey, E5}, nasnisaembrii 6a-
sucom JI>x. Munnopa [2], B koTopoM ya06HO NPOBO-
JUTH BbIYUCJ/ICHUAD. BCeI‘O BO3MOXKHbBI 4Y€TbhIpE TUIla
noxobubix 6azucos: A; — Ay. Bonee noapobmo:
Teopema. Ilycts G — tpexmepnas rpymnna Jln
¢ JIeBOMHBAPUAHTHOMN JIOpEHIeBoil MeTpukoii. Torma
eciu G yHUMOIynsgpHad, TO B anrebpe Jlu rpym-
bl G CyIIEeCTBYET TICEBI0-OPTOHOPMWPOBAHHBIH Oa-
suc {E1, B9, E3} Takoii, uro merpuyeckasi anrebpa
JIu rpynmet G COEPIKUTCS B CIIEAYIOMIEM CITUCKE:

1-11 cyqait Aq:

[E1, Bs) = a3 Es,
[E1, B3] = —asEs,
[Es, B3] = on By

¢ BpeMeHutnoa00HbM F;
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2-it cy4aii As:
[E1, B3] = (1 — ag)E3 — Eo,
[Er, B3] = B3 — (14 ag) Es,
[Es, B3] = aq B4
¢ BpeMeHuToa00HbIM F3;
3-i1 cyqait As:
[El,Ez] =F —a B3,
[E1, B3] = —ay By — Ey,
[Ba, B3] = can By + Es + E3
¢ BPEeMEeHUToI00HbIM F3;
4-11 coyqaii Ay:
[E1, Eo] = az B,
[E1, B3] = —ao By — ay By,
[Ea, B3] = —a1 By + an By
¢ BpeMeHuTno00HsM E1 n g # 0.

Paccvorpum Ha G cemeiicTRO JIEROMHBAPHAHTHBIX
sopentieBbix MeTpuk Jx. Mumnopa

g=A0Y? + B(6*)* + C(6%)%,
rie {#'}  xobasmc k Gasucy JIxx. Mumnopa {E;},
METPUKaA HEBHIPOXKIECHA.

Paccmorpum nanee coywanm Ay — Ay mocnenora-
reibHO B Kjacce merpuk [Ixx. Musinopa. Coyuait A
paccmoTpen patnee. s HALIAAHOCTH PACCMOTPUM
caydaii As. Cinyuan Az u A4 paccMarpuBaoTcsa aHa-
JIOTHYIHO.

Cayuaii A,

‘ILHH KOMITAKTHOCTU 3allUCU KOMIIOHEHT TEeH30pa
Puuun B cyuae Ag TpemnaraeTcss BBECTH JIOTOTHU-
renbHble 0bo3Hadenns K = Aoy — (B4 C)az — (B —

O):

A202 — (B—-C)% (a2 +1) — 2a9(B? — C?)

Ricn = 2BC ’
. K(Aa1+BOéQ+B—COé2+C)
Riczz = 24C ’
. K(Aal—Bag—B—i—Cag—C)
Rngg = — 9ARB y
Aoy — Bag — B —
RiCQg = RngQ = il a2 A COLQ + C
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s AMaroHa bHbIX KOMIOHEHT METPUKH ¢11 =
A, goo = B, g33 = C nonydaem cucremy:

dA .
a Riciy,
dB .
ar = — Ricyo,
ac .
E = — RIC33 .

Kpome Ttoro, megmaronambHas KomioHeHTa Ricog
MOIKHA OBITH PaBHA HYJI0. JTO JTAeT ajaredpamnte-
CKOE YCJIOBHE:

AOél—B((X2+1)—C(OéQ—1):O. (3)

[Ipu BbInOAHEHUN YCIOBUS (3) KOMIOHEHTHI TEH-
30pa Pwuun ynpomatores. Ioxcrarnsist (3) B BhIpa-
Kennst it Ricy;, monyvaem:

RiCH = 20&%, RiCQQ = 0, RiC33 =0.
Torma cucrema audepeHIUaTbHBIX YpaBHEHUI

IPpUHUMAECT BU:

Permernst stmx ypaBHeHI/Iﬁ C HaYaJIbHBIMU YCJIOBUSA-

MU A(O) = Ao, B(O) = Bo, C(O) = Co:

B(t) = Bo, C(t)=Co, A(t) = A — 203t

IMoncrasnsga B ycnosue (3), mo1ydaeM COOTHOIICHUE
MeXK/Iy TapamMeTpaMn:

Oél(A(] — 2Ck§t) = BQ(O{Q + 1) + Co(ag — 1)

ITockonbKy j1eBast 9acTb 3aBUCUT OT t, & MPABas 10-
CTOSIHHA, HEOOXOIUMO PACCMOTPETh OT/IE/ILHBIE CITy-
qam.

1. Ecom o = 0, To A(t) = Ap m ycnosue (3)
npeBpamaeTcs B:

alAO = BO - Co.

Ecmm a1 =0, ag # 0, To ycnosue (3) maer:
0= B()(Oég + 1) + C()(ch — 1),
a A(t) = Ag — 2a3t.

Ecmm ap =0, e = 0, To A(t) = Ap m ycrmoBue
(3) JaeT BO = O().

Ecm oy # 0, ay # 0, To ycnosue (3) me mMo-
2KE€T BBIIOJIHATHCA JIJ1d BCEX t, TaK KaK JieBasd
4acTb JIMHEHHO 3aBUCUT OT ¢, a MpaBad MOCTO-
aguna. Cre10BaTeIbHO, PEIeHuil C JuaroHab-
HOW MEeTPUKOIl He CyIIeCTRYeT.

3akJrroueHmne

B nammoit pabore B cucreme KoopauHaT JIK.
MuHopa mccaeoBano moBeeHe ToToKa Praan Ha
TPEXMEPHBIX YHUMOAYIAPHBIX Tpynmax Jlu ¢ jeBo-
WHBAPUAHTHOMN JIOPEHIIEBOH MeTpuKOit. JLnsi KaxKmo-
T0 W3 YeThIPEX THUIOB MCEBI0OPTODA3NCA MOy ICHBI
cucrembl auddepeHnuanbHbIX ypaBHEHU, ompese-
JIAIOIIINUX TTIOTOK. ,HaHHELH TEeMAaTUKa TaK>XKe n3yvajach
B paborax [3-9]. Hoapobuo paccmorpen ciyuaii As,
HailJICHbl yCJI0BUA HA I1apaMEeTPbl, IPU KOTOPLIX CYy-
MIECTBYIOT PEIeHNs, COXPAHIIONINE THATOHATBHOCTD
mverpuku. Caydaii A1 moapoOHO OBLT PACCMOTPEH pa-
mee B [10]. Cnywan Az w Ay MOTyT OBITH HCCIEI0BA-
HBI aHAJIOTUYHBIM 0Opas3om. B mananueiimnem mpemmno-
JlaraeTcd U3y4uTb HEYHUMOJYIAPHBIN Cirydail.
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