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VccnenoBanuio comMToHOB Pya4m, B TOM 4mcrie MHBA-
PUAHTHBIX CONMUTOHOB Prydm, co CBA3SHOCTAMM pas3yiny-
HOTO THIIA IIOCBSIEHBI PAOOTBI MHOIVIX MaTEMATHUKOB.

Briepsbie MeTpuYecKme CBASHOCTU C BEKTOPHBIM Kpy-
YeHueM, IV HOJTyCUMMeTpIdecKue CBA3SHOCTY, Ha (IIceB-
JI0)PMMAHOBBIX MHOTOOOPA3NsX UCCIEHOBAIUCD B Ppabo-
tax 9. Kaprana. [Tosgree B paborax K. Ino u V. Arprkors
M3y4a/IVCh TEH30PHBIE ITOJIA U TeONe3NIECKIE TMHNUM TaKMX
CBASHOCTEIL. YpaBHeHMe DIHIITeNHA TOTyCUMMETPUYECKIX
CBA3HOCTEJT Ha TPeXMepPHBIX JIOKA/IbHO OfHOPOIHBIX (TICeB-
JI0) pYIMaHOBBIX MHOr000pa3IaX paccMaTpyBa/IVCh B pabo-
tax [1.H. Knermnkosa, E.JI. Ponnonosa 1 O.I1. XpomoBoit.

B npenpizyueit paboTe aBTOPOB MCCIEIOBAHBI MHBAPY-
AHTHbIE COMMTOHBI PUddmt ¢ orycuMMeTpIIecKo CBA3HO-
CTbIO — BaYKHBII IIOJIK/IACC B KJTACCE ONHOPOHBIX COTIMTOHOB
Pyraun. ITormydena kmaccudykarysa MHBAPMAHTHBIX COMUTO-
HOB Pya4ny Ha TpeXMepHBIX rpymax JIu ¢ 1eBOMHBapuaHT-
HOV pMMaHOBOJ METPMKOI U TIOMTyCUMMETPUIECKON CBA3-
HOCTBIO, OT/TMYHOM OT CBA3HOCTY JIeB-UumBuThI. JlokasaHo,
YTO B 3TOM CJTy4dae CyIIEeCTBYIOT MHBAPVAHTHbIE CONMMTOHBI
Pyraumt ¢ HeKOH(OPMHO-KVUIHIOBBIM BEKTOPHBIM HOJIEM.
ITpy 9TOM YacTh IPKBEEHHBIX JOKA3aTeNbCTB OblIA JaHa
C TIOMOIIIBIO ITAKETOB AHA/IMTUYECKIIX BBIYVCTIEHMIL.

B manHOI paboTe UCCIeNyIOTCA MHBapMAHTHBIE COTI-
TOHBI PM44y Ha TpeXMEePHBIX HEYHMMOJYIAPHBIX IPYII-
nax JIu ¢ meBOMHBapMHTHONM PUMaHOBO METPUKOI 1 I10-
JTYCMMMETPUYECKOI CBA3HOCTDIO. [laHbI aHaMUTHYeCKIE
II0Ka3aTe/IbCTBA BCEX TeOpeM, 3aBepIUIAONINX KIaccudu-
KaLMIO TAKMX CONIMTOHOB.

Kniouesvie cnosa: vuBapyaHTHbIe COMUTOHBI Pyraun, rpym-

bl HI/I, JIEBOMHBApPMAaHTHbIE PYIMAaHOBbBI METPUKU, IIOTY-

CUMMETPUYECKNE CBA3ZHOCTU.
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1. IlpensapuTenbHbie CBeNEeHNA
PuMaHOBBI MHOT006pa3usi cO CBSI3BHOCTbIO JIeBu-
YuBUTBHI MINPOKO MU3BECTHBI U UCCIEAYIOTCS B paboTax

The study of Ricci solitons and invariant Ricci solitons
with connections of various types has garnered much
attention from many mathematicians. Metric connections
with vector torsion, or semisymmetric connections,
were first studied by E. Cartan on (pseudo) Riemannian
manifolds. Later, K. Yano and I. Agricola studied tensor
fields and geodesic lines of such connections, while
P.N. Klepikov, E.D. Rodionov, and O.P. Khromova
considered the Einstein equation of semisymmetric
connections on three-dimensional locally homogeneous
(pseudo) Riemannian manifolds.

In the previous paper, the authors studied invariant
Ricci solitons with a semisymmetric connection. They
are an important subclass of the class of homogeneous
Ricci solitons. We obtained the classification of invariant
Ricci solitons on three-dimensional Lie groups with
a left-invariant Riemannian metric and a semisymmet-
ric connection different from the Levi-Civita connection.
Also, the existence of invariant Ricci solitons with a non-
conformal Killing vector field was proved for the such
case. Moreover, a part of the proofs was obtained using
the analytical calculation software packages.

In this paper, we investigate invariant Ricci solitons
on three-dimensional nonunimodular Lie groups with
a left-invariant Riemannian metric and a semisymmet-ric
connection. Analytical proofs of all theorems completing
the classification of such solitons are presented.

Keywords: invariant Ricci solitons, Lie groups, left-invari-

ant Riemannian metrics, semisymmetric connection.

MHOTUX MaTeMaTuKoB. OJHaKO BO3MOXXHO paccMaTpu-
BaTb PMMaHOBO MHOT0OOpasue Co CBA3HOCTBIO, OT/INY-
HOI OT cBsA3HOCTU JIeBu-YMBUTEHI.

* Pabota BbinonHeHa pu noppepxke PHO (rpant 22-21-00111).
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OHOi 3 TaKMX CBA3HOCTEH, onmcanubix O. Kap-
TaHoM B pabore [l]|, gBisercs MerpudecKas CBs3-
HOCTH V ¢ BEKTOPHBIM KPYYeHHEM, WX IOJTYCAMMET-
pUYecKas CBA3HOCTh, KOTOPas Onpeaensercs (hopMy-
JTOlA:

VxY = V4Y +g(X,Y)V - g(V,Y)X, (1)

rae V — HekoTopoe GpUKCHPOBAHHOE BEKTOPHOE TI0JIe,
XnY MPOU3BOIbHBIE BEKTOPHBIE TONd, VI
CBSI3HOCTD JleBu-UuBnUTHI, ¢ — METPUIECKHI TEH30D.

Kinacec wmerpuuecknx cBsa3HOCTE, OnMpemessie-
MBIX JAHHBIM 00Pa30M, COIEPXKUT CBA3HOCTH JleBu-
YuBUTHI ¥ UIPAET BAXKHYIO POJIb B UCCIIETOBAHUIX
1o pumanoBoii reomerpun (cm. [1-10]).

Ormerum, 9TO, B OT/IMYME OT CIydas CBA3HOCTH
JleBu-YuBUTHI, B JAHHOM Caydae TeH30p Puuum r
He 00si3aH 6bITh cuMMerpudnbiM. OIHAKO BepHA CJie-
aytomag Teopema [9, 10].

Teopema 1 [7,8|. Ilycts (M,g) — (mces-
JI0) DPHMAHOBO MHOT006pa3ue ¢ 1oLy CHMMETPHIECKOTT
cBs13HOCTRIO. Tenzop Puddm sBisercs cuMMerpHd-
HBIM TOT/Ia U TOJBKO TOrqa, Korga 1-¢popma , onpe-
aesisiemast pasencrsom m(X) = g(X, V') st smoboro
BekTopHoro nosist X #Ha M, 3amkayTa, T.e. dm = 0.

Merpuka ¢ TOJTHOrO PHUMAHOBA MHOTOOOPA3US
(M, g) nasbiBaercss coaumonom Puwwu, ecim ona
Y/JIOBJIETBOPSIET YPABHEHWIO

r=Ag+Lpg, (2)

rae r — ten30op Puuunm merpukn g, Lpg — mpons-
BomHasg Jlu MeTpuKM ¢ 1O HANPABIEHWIO MOJTHOTO
g depeHnnpyeMoro BeKTOPHOTO Mot P, KOHCTaH-
ra A € R. Ecim M = G/H — oxnopoanoe mpo-
CTPAHCTBO, TO OJHOPOJHAS PUMAHOBA METPUKA, Y10~
BIETBOPSIONIAs (2), HASBIBACTCS 00HOPOOHbIM COMU-
monom Puvvu, a ecntm M = G — rpynma JIn u nose
P 71eBOMHBAPUAHTHO — UHBAPUGHINVHBILM CONUTIOHOM
Punna.

Ecsn pumanoso muoroo6pasue (M, g) co cBsi3uo-
crbio JleBn-YuBUTHI ecTh MHOTOOOpa3ne DiHITeHHA
WIH U30METPUYHO TPAMOMY TPOU3BEIEHUI0 MHOTO-
00pasust DiHITEHA U eBKJIUI0BA IIPOCTPAHCTBA, TO
€ro MeTPUKA ¢ HA3BIBACTCH MPUSUAALHHIM COAUTNO-
HoM Puvvu.

Teopema 2 [11]. lust siro6oii KoHEYHOMEPHOIH
VHUMOYIIPHOT rpy bl JIn ¢ ieBonHBapHHTHOI pH-
MAHOBOH METPHKOI U CBSI3HOCTHIO JleBn- YUBUTHI BCe
HHBapHaHTHbIE COJINTOHBI PI/I'-I’{H TpHUBHAJIbHbBI.

B meynmmomynsipHoM ciydae aHaJOTMYHBIA Pe-
3ynbTaT A7 cBa3HocTH JleBm-UwBUTBHI 10 pasMep-
HOCTHU 4eThIpe BKaounTeabno noayden I1.H. Knenn-
koebiM 1 JI.H. Ockopbunsiv [12].

UccrenoBanne nHBAPUAHTHBIX COMUTOHOB Puaan
HA TPeXMEepHBIX rpynmnax JIu ¢ JeBOMHBAPUAHTHOM
PUMAHOBOI METPUKON U NOJIYCUMMETPUYHONU CBA3ZHO-
CTHIO POBOAUIIOCH aBTopamu B [10], re nosyuena ux
Mo/THASA KTacCu(UKANNS U JOKA3AHO CYIIECTBOBAHNE

HETPUBUAJIBHBIX WHBAPUAHTHBIX COJIMTOHOB PI/I‘{‘II/I.
Oppako B ONHOM W3 ClIydaeB He OBLIO IPUBEIEHO
aHATUTUYECKOE JI0KA3ATEILCTBO JAHHON Kiaaccupu-
kanun. B macrosieit pabore Mbl BCCIeIyeM JTaHHbIIT
caydail, uro coorsercreyer ciydaro (iii) paborsr [10,
c. 68].

2. MHccaemoBaHue ypaBHeHUs COJIATOHA

ITpu 3anaunbix yeaosuax pabore [10, c. 68] nan-
HOE ypaBHEHME COJIMTOHA Pudum numeer Buj
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3mech [ — CTPYKTypHAs KOHCTAHTA TPEXMEpPHO
rpymmer JIn G, V= (V1, V2 V3) — sexropmoe tio-
J1e, 33/JIaI01Iee MOMYCUMMETPUIECKYI0 CBA3HOCTD (1),
P = (P!, P%, P?) — BexTOpHOE MO, ONIpeesiomee
cosuron Puvun (2), A — koncranra Diinmrreitna (cu.
noapobuee [10]).

JIoKazkeMm, 9TO JaHHAs CUCTEMAa yYPABHEHWHA He
uMeeT pelieHuil B JefCTBUTEbHbIX YMCIaX.

FEcawm nmepBoe ypaBHeHne cucTeMbl JIOMHOXKNATH HA

% " CJIOKUTH CO BTOPHIM YPAaBHEHUEM, TO TMOJIYYINM
V()2 4+ (V2)?)
V2

orkyaa V! = 0. Torna u3 CyMMbl 4eTBEPTOTrO ¥ M-
TOTO YpABHEHWI BBIPA3UM

:07

1 1
A= —5(1/2)2 - 5(vi”)2 + 2Pt 2.

Paccvorpum cay4gaii 1: 5 # 0. Beipazum u3 mep-
BOTO ypABHEHUST

B(V2)2 4+ 2(V3 —2P3)V2 — V3B(2P3 — V3)
2V2p
Pazobrem criygait 1 ma aBa momcaydas. Crygait
1.1 BV3 4+ 2V2 #£ 0. Torma m3 pasHOCTH MECTOrO
U TIATOrO YPABHEHUIT UMeeM:
_62(V2)2 + 52({/3)2 + (V2)2(V3)2
2V2(BV3 +2V2) ’

P? =

P! =

ITocsrte MOACTAHOBKM B MCXOAHYIO CHCTEMY CyMMa

3
TPETbEro ypaBHEHUs, JJOMHOKEHHOT'O Ha %, u -
TOTO ypPaBHEHUA NIPAMET BHAJ

(V2?2 + (V22 + H((V2)2 + (V?)?)
2(V2)2

=0.

JlanHoe ypaBHEHHE He WMeeT pelieHuil B JIeiiCTBU-
TEJIbHBIX YHUCJIAX.

Caywait 1.2. Tlyers BV3 + 2V?2 = 0. U3 tpeThe-
ro ypaBHeHHs cucTeMsl Boipazkaem P! = 1 (V)2 Ho
TOTJA MIECTOe ypaBHEHNE NPUMET BU/I:

é(@? +12)(V3)% + %52 +2=0.

JlanHoe ypaBHEHHE He WUMeeT peIleHuil B JIeifiCTBU-
TeJTHHBIX YUCTAX.

Cutyuaii 2. Ilycrs 8 = 0. U3 nepBoro ypasHenwust
cucrembl nuMeeMm V3 = 2P3, a u3 mecToro

V) +16(P%)?

1 _ ( 2
Pt =— EE —(P?)? -1

Torma weTBepTOEe ypaBHEHNE CHCTEMBI TIPUMET BU/I,

(V) +16(P3)2 +4(V?)?

TRE -

Jlanroe ypaBHEHUE HE WMeEeT PereHuil B JAefiCTBH-
TeTHHBIX INCAaX. TakuM 00pa30M, MCXOTHAST CHCTe-
Ma ypasHenuii B caygae (iii) paborst [10, c. 68]
Hepas3penmnMa.

3akJsroueHme

B macrosiieit pabore mccaenoBanbl WHBAPWAHT-
HbIe COMUTOHBI PUT4dn HA TpeXMEPHBIX HEYHUMOY-
JIAPHBIX rpynnax JIu ¢ JeBOMHBAPUHTHON pUMAaHO-
BOI METPUKOW M MOJyCUMMETPUYECKON CBA3ZHOCTHIO.
[IpuBeeHO aHATUTHYECKOE PellleHne CHCTeMbI HeTu-
HEWHBIX aIre0panvecKnx ypaBHEHU, BOZHUKAIOIEH
B TIPOIIECCe M3YIeHNsT JAHHBIX COJIMTOHOR, YTO 3aBeP-
MIAeT KJIACCUDUKAIMIO TAKUX COJTUTOHOB.
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