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PuMaHOBBI MHOT006pasus co CBA3HOCTHIO JIeBM-
YUuBUTHI 1 IOCTOSAHHON KpUBM3HON Pyyum, mnm MHO-
roobpasnsA DJHIITeIHA, U3y4a/NUCh B paboTax MHO-
rux matemMaTtnkoB. Hambomee uccmemoBaH TaHHBII
BOIIPOC B OJHOPOJHOM PMMAHOBOM CiIydae. B aTom Ha-
ImpaBleHNy Hamboee N3BECTHHI Pe3yabTaThl paboT
I1.B. Anexceesckoro, M. Bana, B. 3unnepa, I. Vencena,
X. JTaype, I0.I. Huxonoposa, E.JI. Pognonosa n gpyrux
MaTeMaTUKOB. B TO ke BpeM: B c/Iy4yae IIPOU3BOIbHON
MeTPUYECKON CBA3HOCTU BOIPOC U3Y4eHUA MHOT000-
pasuit JMHIITeTHA MaJIo UCCIEeNOBaH. ITO O6yCHOBHeHO
IIPEXK/Ie BCETO TeM, YTO TEH30P Pryunm MeTpudecKoli cBA3-
HOCTU HE ABJIACTCA, B006H.[e TOBOP:A, CMMMETPUIECKUM.

B HacTosAmel paboTe pacCMaTpPUBAIOTCA IOTYCUM-
MeTpUYECKNE CBA3SHOCTY Ha 3-MePHBIX rpymiax JIu ¢ ne-
BOMHBAPMAHTHONM PYMaHOBOV MEeTPUKOIL. [ cummeT-
pUYECKOI 9acTy TeH30pa Puu4m nsydaeTca ypaBHeHUE
JitHIITelHA. B pe3ynbpTaTe NpoBeeHHbIX NCCIE0Ba-
HUII IOJTy4eHa KIacCuduKanms 3-MepHBIX MeTpude-
CKIX I‘pyHH Jnun COOTBeTCTByIOH.H/[X HOHYCI/IMMGTPI/I‘{G-
CKIX CBSI3HOCTEN B cnyqae CIMMETPNIECKOT'O ypaBHeHI/IH
OifHIITelTHA.

Panee B pa6otax [1.H. Knenukosa, E./I. PonrionoBa
1 0.I1. XpoMoBO# U3y4asioch KIacCHYeCKoe YpaBHEHUE
JiiHIITeHA U ObLJIO JOKA3aHO, YTO eCJId [ 3-Mep-
HOU rpynmnel JIu ¢ JeBOMHBapUaHTHOM (IIceB0)pU-
MaHOBOM METPUKOU U MOJTYCUMMETPUIECKON CBS3-
HOCTBIO BBINIOJIHAETCA KJACCUYeCKOe ypaBHeHUe
JUHIITENHA, TO JINO0 CBA3HOCTDb ABJAAETCI CBA3HO-
cTbio JleBU-UYUBUTHI, INOO TEH30P KPUBU3HbI CBSI3-
HOCTH paBeH HY.JIIO.

Kntouesvie cnosa: IIOTyCMMMETpNYECKNE CBA3SHOCTU, MET-

PpyKY DiHIITelHA, TPYyIIbI JI1, 1eBOMHBapMaHTHbIE PUMa-

HOBbI METPUKIU.
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Riemannian manifolds with a Levi-Civita con-
nection and constant Ricci curvature, or Einstein
manifolds, were studied in the works of many
mathematicians. This question has been most studied
in the homogeneous Riemannian case. In this direction,
the most famous ones are the results of works by
D.V. Alekseevsky, M. Wang, V. Ziller, G. Jensen,
H. Laure, Y.G. Nikonorov, E.D. Rodionov and other
mathematicians. At the same time, the question
of studying Einstein manifolds has been little studied
for the case of an arbitrary metric connection. This is
primarily due to the fact that the Ricci tensor of metric
connection is not, generally speaking, symmetric.

In this paper, we consider semisymmetric con-
nections on 3-dimensional Lie groups with a left-
invariant Riemannian metric. For the symmetric part
of the Ricci tensor, the Einstein equation is studied.
As a result of the research carried out, a classification
of 3-dimensional metric Lie groups and the corresponding
semisymmetric connections in the case of the Einstein
symmetric equation has been obtained.

Earlier in the works of P.N. Klepikov, E.D. Rodionov
and O.P. Khromova, the classical Einstein equation was
studied, and it was proved that if the classical

The Einstein equation holds for a 3-dimensional
Lie group with left-invariant (pseudo) Riemannian
metric and semi-symmetric connection. Then,
either the connection is a Levi-Civita connection, or
the curvature tensor of the connection is equal to zero.

Key words: semisymmetric connections, Einstein metrics,
Lie groups, left-invariant Riemannian metrics.



O CMMMEeTpHYeCKOM ypaBHEHHH DHHIUTEHHA TPeXMepHbIX rpyni (Iu...

Bsenenune

Nsy4enne MuOro06pa3uit ¢ moJTyCHMMETPUIECKOIT
CBABHOCTBIO SIBJISIETCH AKTYAJbLHBIM HAIIABJICHUEM B
uccsenoBann MHOrooOpasuii. Briepsbie 9Tu CBSI3HO-
ctn u3ydanauch . Kapranom u ommcanbl B pabore
[1]. Hesbio nannoii paboThl ABISIeTCs U3y YeHNe TPeX-
MepHBIX Ipym Jlu ¢ JleBonHBApUaHTHONW PUMAHOBOMI
METPUKON U IIOJIyCUMMETPUYECKON CBA3HOCTHIO.

1. IIpensapuresnbHble cBeaeHus. llycTob
(M, g) — pumanoso muoroobpasue. Oupenesum Ha
JIAHHOM MHOT0OOpa3uy MEeTPUYECKYI0 CBSI3HOCTb V
C TIOMOIIBIO (DOPMYJIBI

VxY =V4Y +9(X,Y)V —g(V.Y)X, (1)

rae V' — mekoTopoe (hUKCHpOBAHHOE BEKTOPHOE II0-
sge, X 1Y — nmpousBoJIbHbIE BEKTOpHBIE 1OJIst, VI —
cBsizHOCTH JleBu-HuBurel. CBsizHOCTH V  SIBJISIETCS
OJTHON M3 TpeX OCHOBHBIX CBA3HOCTEH, ONMCAHHBIX
9. Kapranom B [l], u Ha3bIBaeTCS MOIyCUMMETDU-
YeCKOW CBSI3HOCTHIO MJIM CBSI3HOCTHIO C BEKTOPHBIM
KpydeHueM (¢ TOYHOCTBIO 0 HalpaBieHus) [2-5].

Tenszop KpuBu3HbI W TeH30p Puddm pumaHo-
Ba MHOroobpasusi (M, g) ¢ MCHOJB30BAHUEM TIOJIY-
CHMMETPUYIECKOIl CBSI3HOCTH OIIPEIEJISIIOTCS COOTBET-
CTBEHHO PAaBEHCTBAMMU

R(X7 Y)Z =VyVxZ-VxVyZ+ V[X,Y]Zv
r(X,Y)=tr(U — R(X,U)Y).

Ormerum, 9o TeH3zop Puauam mosrycuMmerpude-
CKOM CBSIBHOCTHU, BOODINE TOBOPsI, HE SIBISETCS CHM-
METPAYICCKHUM.

Pumanoso muoroobpasue (M, g) ¢ nosycummer-
PUYECKO# CBA3HOCTBIO V HA3BIBAETCI SUHIITEHHO-
BBIM, €CJIU TEH30D 7'jj YOBJIETBOPSIET OJTHOMY U3 CJIe-
Jylomux ypasuenwuii [6, 7]:

Type A rij = Ngij;
Type B rij = A7) gij;
TypeC ij) = ANgis;
TypeD ) = Mx)gij,
IJie 7(;j) — CHUMMeTPHYecKas 9acTh Tensopa Puwdm,

A — xoucrantra, A(z) — dynkuus Ha MHOrOOGpa3UM.

Paccvorpum ypasuenune tuna C va rpynnax Jlnm.
Ilyers M = G — TpexmepHasi I'pyIa ¢ JIEBOUHBA-
pUaHTHON puMmaHOBOil Merpukoii JIu; LG — anrebpa
JIu rpynust JIu G. 3adukcupyem 6asuc {e1,...,e,}
B anrebpe LG u MOJIOKAM

lei,ej] = cfjek,

rue cfj — CTPYKTYpHBIE KOHCTAHTHI aareopsn! JIu.
N3BectHO, uT0 cuMmBoJibl Kpucrodestst cBsizHOCTH
JleBu-Yusurer VI BBIpaKAIOTCS Iepe3 CTPYKTYPHBIE

KOHCTAaHTBI 1 KOMIIOHEHTHI METPHUIECCKOT'O T€H30pa:

k 1 ks
(Fg)ij = 59 (Cijs — Cjsi + Csij)

[ycts V' € LG, torma cumosbsr Kpucroders
CBABHOCTH V € BEKTOPHBIM KpydenueM (1) 3agarorcs
DABEHCTBOM:

k k k s k
L5 = (1) + 95V" — V7gs;6;

KommnonenTs! Ten3opa KpuBU3HBL 1 TeH30pa Pud-
YW MOXKHO BBIYHCJIHUTH C IIOMOIIBIO COOTBETCTBYIO-

X GopMyI:

Rijrs = (Fijfﬁz - Fé-kFZ + Céjr?k) Ipss

j s
rij = Rijrsg’

[Tepeobo3uatinM CTPYKTYpHBIE KOHCTAHTDHI aared-
pbl JIu B coorBercTBHU CO Creyiomeil Teopemoit [8].

Teopema 1. ITycrs (G, g) — TpexmepHas rpyi-
na JIn ¢ 1eBomHBApHAHTHOH DHUMAHOBOH METPHKOH.
Torna

o ecsin G yuumonyssipaasi, To B asreope Jlu U
rpynnbl G CyImecTByeT OpTOHOPMUDPOBAHHBI
Gasnc {ey,es, e3} Takoi, 4ro MeTpHUecKas aJ-
rebpa Jlm rpynmer G umeer BHJT:

[e1,€2] = Azes,  [es,e1] = Aaea,  [e2, €3] = Areq;

o ccoim G meyHmMomyssipHas, TO B ajrebpe Jlu
NU rpymmer G cymecTByeT opTOHOPMHPOBAH-
ublii 6asuc {ey, es, €3} TaKoii, 4ro MerpHuecKas
asarebpa JIn rpymmner G umeer BUT:

le1,e2] = aea + Pes, [e1,e3] = yea + des,

e o+ 0 = 2.
OCHOBHBIM PE3yIbTATOM PAOOTHI SIBJISETCS
Teopema 2. Ilycrs (G,g,V) — tpexmepHas
rpynma Jlu ¢ JeBouHBapHAHTHOH PHMAHOBOI MeTpH-
KOI ¢ M MOJIyCHMMETPHYECKOH CBSI3HOCTBIO V, YIO-
BJIETBOPSIIOIIAS Y PABHEHHIO

rij + 15 = Agij. (2)

Torna

1) econ rpynna Jlu G yaumonyssipast, To ee aJi-
re6pa JIu nzomopua so(3) wim e(2), a crpyKTypHBIE
KOHCTAHTBI ee ajrebprl JIu 1 KOOpJIHHATHI BEKTOPHO-
ro mosist V' BXOIAT B CJEIVIOIIHI CIIHCOK:

Lo =X = 255\ e R\ {0},

V =1{0,0,v3}, A = AZ.

2. )\12%()\3:|: )\3—41}%),)\2:)\361&
V= {1}1,0,0},1}% < %?’,A = /\1)\3 — ’U%.

3. M =X €R X =5\ £ /2] — 403),
V = {0,02,0},03 < 2, A = XXy — 03;
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2) ecan rpynma Jlu G HeyHHUMOIYJISIDHASI, TO
CTPYKTYPHBIE KOHCTAHTBI ee ajareopnr JIm m koopau-
HaTBl BEKTOPHOI'O HOJIsT V BXOJSAT B CJICIYIONIHI CITH-
COK:

l.a=—v+4+2,8=0==%
V:(_27070)7’7€

-+ 2,
(0,2), A = 0.

2. 1ﬁeR7_16_—ﬁ,A_—
=(0,0,0).

3 a=10eRy=1,=—-03,A
V =(-1,0,0).

2. Jloka3aTeJbCTBO OCHOBHOU TeOpEeMBbI.
st moKa3aTesibCTBa TEOPEMBI 2 3AIIUIIEM CUCTEMY
ypasHenwuii (2) B 6a3uce reopemsl 1, ncnosubsys dhop-
MYJIBL JIJIsl HAXOXKJICHUS KOMIIOHEHT TeH3opa Pudaun
“epe3 CTPYKTYPHbIE KOHCTAHTHI ajreopsr Jlu.

=0,

1. Yaumoynsipablii ciaydaii. Cucrema ypaBHeHMi
itamrreitna (2) mpuMeT Bu

2h3ho — A — A2+ A2 —2(V3)2 —2(V2)% = A,
A2 200 A2 - A -2V 2V = A,
—A3 42001 A3 - AT —2(V2)? —2(V1)? = A,

V3 4+ V3N +2VIV2 =0,
AV2 = VAN 4 2VIVE =0,
XNV Vi, +2V2V3 = 0.

Pemas mannyio cucremy paBeHCTB, HaXOIM

A2 402
LA =X =72 A3 € R\ {0},
V = {0,0,u3}, A = A2,

2. )\1 = 1()\3 + )\2 4’1)%) Ao = A3 € R,
= {v1,0,0},v? S 2N =Mz — v
3. )\12)\3€R,)\2=%()\3:|: )\3—41)%),

V = {0,090}, 0% < 2 A = ApAg — 02,

2. Heynumonynsipubiii coryqaii. Cucrema ypasHe-
Huit Diinmreiina (2) upumer BuJ

—20% — 2aV — B2 =286 — 6% — 2(V3)% — 242
—29V1 —2(V?)2 = A,
—202 —4aV?!' — B2+ 6% - 2(V3)? — 20y — 29V —
—2(V1)?2 = A,
62 =292 — 4V 4+ 5% - 2(V?)? — 20y — 2oV —
—2(V1H)2 = A,

V36 4+ 2Vivg + V2a = 0,
BoV2 4+ 2VIV3 4 V3y =0,
—2a0 — 2By — BV — Vs +2V2V3 = 0.

Pemas JaHHYIO CUCTEMY PaBEHCTB, HAXOJIUM

l.a=—v+4+2,=80=x/—2+ 2,
V =(-2,0,0),7 € (0,2), A = 0.
2. 15611@77157*5,/\7

=(0,0,0).

.a=1,0eR,y=1,6=-8,A=0,
V =(-1,0,0).
3akJjrroyeHune. B jganmHoii paboTe Jjis CUMMET-

puteckoit qacTtu TeH30pa Putyan n3yvaercs ypaBHe-
uue Ditamreitna (ypasuenne Ditnmreitna ruma C) Ha
TpPeXMEepHBIX rpynnax Jlu ¢ jeBonHBapHaHTHON pu-
MAaHOBOI METPUKOU U IOJyCUMMETPUYCCKOII MeTpu-
9eCKOil CBA3HOCTBIO. B pesysbrare MpoBeeHHBIX NC-
cJIeZIOBaHUil TaHa KJIacCU(DUKAIS TPEXMEPHBIX MeT-
PUYIECKUX I'DYIIT I[I/I 1 COOTBETCTBYIONUX IIOJIyCHUM-
METPHUYECKUX CBI3HOCTEH /I ypaBHEHUS JUHIITET-
na tuna C. Pabora sBjisiercst ecTeCTBEHHBIM IIPOIOJI-
xenneM uccaenopannit [I.H. Knenukosa, E. /1. Poan-
onosa u O.I1. XpoMOBOii 110 U3yYEHUIO KJIACCUIECKO-
ro ypaBHeHug DiiHmreiina (ypaBHenus DiHmreiina
Tuna A) Ha TpeXMepHBIX rpymax JIu ¢ JeBouHBapH-
AHTHOMN (IICEBJI0)PUMAHOBON METPHKOI U IIOJIyCUM-
MeTPHUIECKON CBsA3HOCTBIO [9-11].
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