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JlaHHas CTaThsA NOCBAILEHAa T€OMETPUM TPEYTONbHN-
Ka, B YaCTHOCTM, M3Y4YE€HNIO B3aIMHOTO PaCIIONIOKEHNA
BIIOJIHE OTIP€/Ie/IEHHBIX 3aMeYaTe/IbHbIX TOYEK HEPABHO-
6engpennoro tpeyronbuuka ABC, rie H, I, G, O, N — co-
OTBETCTBEHHO €I0 OPTOLIEHTP, LIEHTP BIIMCAHHOI OKPYK-
HOCTM, LIEHTP TKECTH, LIEHTP OIMCAHHONM OKPY>KHOCTHI
u Touka Harens. B pabore gokasaHbl CleAyolue oc-
HOBHBIE Pe3y/IbTaThl: YeTbIpexyronbHuk HNOI sBnsercs
Tpanenyen, IMaroHaan KOTOpOil IepeceKaroTcsA B TOUKe
G, HN mapamnenpsa IO, HI e mapannensHa NO u yron
HIO>90° B Tpanenun HNOI oguH 13 yrios paseH 90°
TOTJ]a U TOJIBKO TOTHA, Korga p* = 2R* + 10Rr - 1%, re p,
1, R — COOTBETCTBEHHO IONYNIEPUMETP, PAJUYChl BIIN-
CaHHOV ¥ OIMCAHHOM OKpYy>HocTell. Harienpr Heo6Xx0-
JVIMbIE ¥ JOCTaTOYHbIE YCIOBMUS, KOTa OKOJIO Tparenun
HNOI MO>XHO 0INcaTh OKPYKHOCTD; B Tpanenuio HNOI
HeJIb3s1 BIIMCATh OKPY>KHOCTD; Tpanenysa HNOI He ABA-
€TCsl OPTOAMArOHAIbHOI; HallfleHa IUIoWafb Tpalenun
HNOI, BplpaskeHHasA Yepes IMapaMeTpsl p, 1, R MCXOfHO-
ro TpeyronbHuKa ABC. [lonydeHHbIe B CTaTbe pe3y/bTa-
TBI MOTYT OBITH MCIIONBb30BAHbI PV YTEHUN PA3/IUIHBIX
KyPCOB II0 OJIMIINATHOI MaTeMaTKe, MOTYT OBITH IO-
JIE3HBI YYaIIMMCSA CTaPIINX K/TACCOB M YYMUTE/IAM TMMHa-
311 C yIIy6/IeHHBIM M3y IeHVeM MaTeMATUKIL.
Knrouesvie cnosa: TpEYyro/lbHUK, Tpanenn:a, 3aMedaTenb-
Has TOYKA, paInyC OIMCAHHON OKPY>KHOCTY, PaJyC BIIU-
CaHHOJ OKPY>KHOCTH.
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BBenenne

B nocnenume mecATune T, Kak Mbl 3Ha€M, ITOSABUTIOCH
[OCTaTOYHO MHOTO MCC/IEOBATENbCKIX PAbOT 110 TeoMe-
TPUU TPEYTONbHYKA, B YACTHOCTH 110 U3YYEHMUIO 3aMe-
YaTe/IbHBIX TOYEK TPEYToNbHIKA: OIMCAHIe X CBOJICTB,
METOJIOB HaXOXKAEHMsI PaCCTOSHMII MEXY 3aMedareib-
HBIMU TOYKaMU TPEYrojabHMKa 1 Ap. Bo3Hukaer ompe-
JeJIeHHBII MHTepeC K KOHPUTYypaluM 3TUX TOYeK
(cm. [1 = 7]). ViMeHHO: KaKye MMEIOTCS YC/IOBUA Ha B3a-
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This article is devoted to the geometry of a triangle,
in particular, to the study of the relative position of well-
defined remarkable points of a non-isosceles triangle ABC,
where H, I, G, O, N are the orthocenter of the triangle,
the center of the inscribed circle, the center of gravity,
the center of the circumscribed circle, respectively, and
the Nagel point. We prove the following main results:
the quadrilateral HNOI is a trapezoid whose diagonals
intersect at the point G, HN is parallel to IO, HI is not
parallel to NO, and angle HIO > 90°; in the trapezoid HNOI
one of the angles is equal to 90° if and only if p* = 2R* +
10Rr - 1*, where p, 1, Rare respectively the semiperimeter,
radii of the inscribed and circumscribed circles; necessary
and sufficient conditions are found when a circle can
be described near the trapezoid HNOI a circle cannot
be inscribed in the trapezoid HNOI; the trapezoid
HNOI is not orthodiagonal; the area of the trapezoid
HNOI is found, expressed in terms of the parameters p,
#, R of the original triangle ABC. The results obtained
in the article can be used when reading various courses
in Olympiad mathematics, can be useful for high school
students and teachers of gymnasiums with in-depth study

of mathematics.
Key words: triangle, trapezoid, remarkable point, radius of
the circumscribed circle, radius of the inscribed circle.

VIMHO€ pacCIIO/IOKEHNE HEKOTOPDIX BIIOJIHE OIIPENEI€H-
HBIX 3aMeYaTe/IbHbIX TOYEK?

STOoMy BOIIpOCY U OyeT HOCBsleHa HACTOsAIas pa-
60Ta, B KOTOpOJT MBI OyIeM U3y4aTb KOHPUTYpalLyIo,
C/IefYIOIMX 3aMeYaTe/IbHBIX TOYeK HEKOTOPOTO Tpey-
TOJIbHMKA: €T0 OPTOLIEHTPA, IIeHTPa ONMCAHHON OKPYXK-
HOCTH, LJeHTPa TAXKECTH, IIeHTPpa ONMCaHHOI OKPY>KHO-
ctu 1 Touku Harens.
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Wrak, mycte ABC' — TpeyrojibHUK, SA Apc — €ro
wiomayb u H, I, G, O, N — cOOTBETCTBEHHO €I0 OPTO-
[EHTP, TIEHTD BIUCAHHON OKPYZKHOCTHU, IEHTP TS2Ke-
CTH, TIEHTD OIMUCAHHON OKPYKHOCTH U TouKa Haresst
1, 2].

IIycte Takxke a = BC, b = AC, ¢ = AB,
a = /BAC, 3 = £ ABC, v = LZACB u p,”, R
— COOTBETCTBEHHO ITOJIyIEPUMETD, PAJINYCHI BIINCAH-
HOI 1 onMcaHHo# oKpy:KHOCTell. I3BecTHO, 9TO TOY-
ku H,G,O nexar Ha omHoil npamoii (Tax Ha3bBa-
eMoil nepBoii npsmoii Ditepa [1, c. 55]) u roukm
I,G, N roxe jexar Ha OIHOI IpaMOil (Ha3bIBAEMON
BTODOIt npsiMoii Ditstepa [1, c. 57]) (em. puc.):

N
H
@)
I
ITpu stom [1, 2]
2-GO = HG,
GO? — 9R? + 8Rr + 2r* — 2p?

9 b

4
HG? = §(9R2 + 8Rr + 212 — 2p?),

2-1G =GN,
4
GN? = §(p2 + 512 — 16Rr),
167 = p? — 16 Rr + 512
S e—

B pab6ote [3]| mokaseiBaercsi, UTO mepBasi U BTO-
pas upsmble Dilepa coBunagaloT (TO €CTb TOY-
ku H,I,G,O,N jnexar Ha OmHOil UpaMOil) Torma
1 TOJIBKO Torja, korna AABC aBisiercss paBHoOe/I-
pennbiM. B mHacTosmeit paboTe MBI MPEITOIaraeM,
aro ANABC He sBjisiercsi paBHOOEPEHHBIM, U U3Y-
qaeM CBoiicTBa deThipexyronbauka HNOI.

OcHoBHbIe pe3yisbTaTrbl. OOpaTmmcs Ternepb
K JIOKA3aTeJbCTBY OCHOBHBIX CBOICTB YeThIPEX-
yrosibanka HNOI.

IIpennoxkenwne 1. [Tycmv NABC he seasemcs
pasrobedpennvim. Tozda wemwmpexyzorvnur HNOIT
asasemes mpaneyuet, Oua2OHAAL KOMOPOT nepe-
cexaromesn 6 mouke G, HN napasnresvna 10, HI
ne napassesvna NO v ZHIO > 90°.

Aoxazameavcmeo. Paccmorpum pucynok. Co-
riacso [1] HG =2-GO,GN = 2-GI u cornaco [2]

HN? = 4(R* - 2Rr) = (2- 10)?,

Toectb HN = 2-10. AIGO nonobes AHGN (c Ko-
sddunmentom noxobust 2). CregoBarTenbHO,

/ZHNI = /GIO, /ZNHG = LGOI

u HN | IO.
Ecou HI napamwrensaa NO, To

ZIHG = ZGON, LHIG = ZGNO

u tpeyrojbauku AHIO, AGNO saBasiorcs moao0-

16 _HG

oN = co % 5 = 2. Ilpornsope-

qne. CienoBarensuo, HI ue napasiensaa NO.
IIycts A = ZHIO. Torma 1o Teopeme KOCHHYCOB

mmeeM, uro HO? = HI? +10? —2HI - IOcos A\

HBIMHU, TO €CThb

HO? —HI?> - 10* =
= (9R?+8Rr+2r? —2p?) — (AR* +4Rr +3r? —p?)—
— (R* —2Rr) = (4R* + 6Rr — r?) — p* >
> (AR* + 6Rr —1°) — (4R> + 4Rr + 3r%) =
=2Rr —4r? = 2r(R — 2r) > 0,

rak Kak AABC He sBjsercss NPaBUJIbHBIM U
p? < 4R% + 4Rr + 3r? (em. [2]). OTkyzna cremy-
er, ato cos A < 0 mw A = LZHIO > 90°. IIpemnyoxkenne
JIOKA3aHO.

3ameuanue 1. [Iycrs ¢ = ZHNO. Ilo Teopeme
KOCHHYCOB UMeeM, UITO

HO? — HN? —ON? = —2HN - ON -cos ¢ =
= (9R*+8Rr+2r°—2p®)—4R?*+8Rr—R*—4r*+4Rr =
= 2(2R?* + 10Rr — 12 — p?).

Ecmu AABC siByisieTcst IPSIMOYTOJIBHBIM HEPaB-
HOGEIPEHHBIM TPEYIOJILHUKOM, TO p = 2R + 1 [2| n
(2R%?+10Rr —r? —p?) = —2(R—2r)(R—r) < 0, TO
ecth Zp < 90°.

Ecmn ANABC aBasiercst HepaBHOOEIPEHHBIM C yT-

1

jiom 60°, TO 5 SIBJIAETCS KOPHEM MHOTOUJICHA

4R*2® —AR(R + r)x*+
+(P*+1*— 4Rz + (2R+1)* —p* =0

[2, c¢. 33]. Cumenosarenvno, p* = 3(R + r)? u
2R? +10Rr — 12 —p?> = —(R—2r)2 <0 m cosp > 0,
To ecThb 0 < ¢ < 90°.

Ilycrs B8 AABC a = 10,b = 6 u ¢ = 14. Torga
a= % u coryacuo pabore [8] R = 1—;r,p =5V3ru
164
= 7’]“2

(2R? + 10Rr — r?) — p? 9

>0,
TO ecTb cos ¢ < 0 u ¢ > 90°.

IIpuseieHHbIE TPUMEDPBI TOKA3BIBAIOT, YTO B TPa-
nerun HNOI yron ZHNQO moxker ObITh KaK OCT-
PBIM, TAK U TYIIBIM.
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IIpennoxkenune 2. [Tycmv NABC he seasemcs
pasrnobedpennvim. Tozda 6 mpaneyuu HNOI odun
u3 yeno6 pasern 90° mozda u moavko mozda, ko20a
p? =2R? + 10Rr — 2.

oxaszamenvcmeo. PaccmorpuM prucyHOK.

Pamee mur 3amernn, aro ZHIO > 90° u, ciemo-
Barenbno, ZNHI < 90°. Ilosromy, ecyiu B Tparemnmn
HNOI onun u3 yrios pased 90°, To

ZHNO = ZION = 90°

u 1o Teopeme Iludaropa HO? = HN? + ON?, to
ectb 9R?+8Rr+2r2 —2p? = 4(R?—2Rr)+(R—2r)?
wn p? = 2R% + 10Rr — r2.

O6parno, mycrs p? = 2R? +10Rr — 2. Tlo Teope-
me kocurycos HO? = HN?+ON?—-2HN-ON cos ¢,
rne ¢ = ZHNO. Orkyna ciemyer, uro cose = 0
u ¢ = 90°. [Ipemtoxkenne moKa3aHo.

IIpennoxkenune 3. I[fycmv NABC we sasasem-
ca pasnobedpennovim. Toeda oxoro mpaneyuu HNOT
MOICHO ONUCAND OKPYICHOCTD MO020a U MOALKO TO-
eda, xo2da p*> = 3R> +8Rr — 12 w R > %r.

oxaszamenvcmeo. VI3Bectno, 910 OKOJIO Tpa-
eI MOXKHO OITUCATH OKPYYKHOCTb TOTJA W TOJIb-
KO TOTJIa, KOTJIA4 OHA SIBJISIeTCsl PABHODOKOi. YcoBue
HI = NO pasrocusbHO [2]

HI? = 4R* + 4Rr + 312 — p? =
= ON? = (R —2r)? = R> — 4Ry + 41>

wim paseHcTBy p? = 3R? 4+ 8Rr — r2. Ilon-
CTABUM IMOJIyUeHHBIC 3HAuUeHus i p° B yH-
JlaMeHTaJIbHOe HEPaBEeHCTBO TpeyrosbHuka [9, 2]
(p? — 2R? — 10Rr 4+ 1?)? < 4R(R — 2r)3. Homyunm,
aro (R —2r)2[4R(R —2r) — R?] > 0 wm, yuureisas,
aro R > 2r, R > %r. IIpemiozkenne J10Ka3aHO.

HamoMHuM, 9TO BBINYKJBIH YeTHIPEXyTOJbLHUK
ABCD Ha3blBaeTcsi OpTO/MarOHAJbHBIM, €CJIH €ro
muaronasu AC' u BD nepuenpuxyispust [10]. Cupa-
BEJIJIUBO CJICYIONIEe yTBEPIKICHUE.

Ipennoxkenune 4. [Tycmv NABC ne asasemces
pasrobedperrivim. Tozda mpaneyus HNOI ne acas-
emcs opmodua2oHaNHOT.

oxaszamenvcmeo. PaccmorpuM prucyHOK.

IIpenmonoxkum tporusroe. Torga /NGO =

u 1o Teopeme Ilncdaropa ON? = OG? + GN2. Cn
JIOBATEJILHO, COMVIACHO [2]

Proln

ON? = (R—2r)* =
4
= §(zo2 +5r2 — 16Rr)+
N (9R? + 8Rr + 2r? — 2p?)
9

wm p?> = 10Rr + 7r?. Cornacmo |2, 9] iz
M06Or0  TPEYTOJIbHAKA CHPABEJINBO HEPABEHCTBO
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p* > 16Rr — 5r2. CuenosarensHo, 12Rr > 6R?
wim 2r > R. Tak xak R > 2r cormnacuo [2, 9], To
R = 2r u tpeyronbuuk ABC' sBisieTcss paBuib-
ubiM [9]. IIporusopeune. IIpennoxenne gokasano.

Nwmeer mecto cjreAyromniee yrBepzK/ieHue.

IIpennoxenune 5. [Tycmv AABC ne asasemces
pasrobedpernvim. Toeda 6 mpaneyuro HNOI Heavss
6NUCAMYL OKPYACHOCTD.

Jloxazamennvcmaeo. [Ipeanonokum mpoTUBHOE.
Torma HN+OI = HI+ON. Tak kak HN =2-0I,
10 3-0I = HI + ON unu

9.0I>=HI?> + ON?+2-HI-ON.

Cormacto [2]

OI? = R* - 2Rr,
HI? = AR* + 4Rr + 3r* — p?,
ON = (R —2r).
Ciie10BaTeNIBHO,

9(R? — 2Rr) = (4R* + 4Rr + 3r* — p*)+
+ (R* —4Rr +4r*) +2- HI - ON
wmn 4R? — 18Rr — Tr? + p?> = 2- HI - ON. Bos-

BO/Id JIEBYIO U IIPpABYIO YaCTHU IIOCJIETHEI'O PaBEHCTBA
B KBa/JpaT, II0oJIy1vaeM, 9TO

2
(* + (6R —26Rr +12)) " =
=36(R" — 6R> — 8Rr® + 12R*?) =
= 36R(R — 2r)?
wm p? = —(6R%?—26Rr+1r%)+6(R—2r)vVR2 — 2Rr.
Tax kak p? > 16 Rr — 572 (cm. [2], [9]), To
p? + 6R? — 26Rr + 1% >
> 6R? — 10Rr — 41* =
=2(R—2r)(3R+71) > 0.

CiietoBaTe/IbHO,

p? = —(6R* — 26Rr + %) + 6(R — 2r)\/ R? — 2Rr.

CornacHo dyHIaMEHTATBHOMY HEPABEHCTBY Tpe-
yroJabHuKa |2, 9],

p*> > 2R* + 10Rr —r* — 2(R — 2r)\/R% — 2Rr.

Canenosarenbho, 8(R—2r)v/R? — 2Rr > 8R* —16Rr
win vV R? — 2Rr > R (tak kak R — 2r > 0). IIporu-

Bopeune. [lpemioxkenne 1oKka3ano.

Ilycrs nanee S1 = Saroc, S2 = Saicw,
Sz = Sagon, S84 = Sacgpn n S — mnomananb Tpa-
meruu HNOI. Tak kak GN =2-1G, HG =2-GO,
TO Sg = 53 = 251, 34 = 451 unsS= SHNOI = 951.
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Teopema. ITycmv mpeyzoavnurx ABC ne agan-
emca pasrobedpertvim. Tozda naowadv mpaneuyui
HNOI pasna

SHNOI =

= Z\/ZIR(R —2r)3 — (p2 —2R2 — 10Rr +12)2 =
= 37\51%2 ((1 — cos(a — B)) (1 — cos(ar — 7))

. (1 —cos(fB — ’y)))

1
2

Zoxazameavcmeo. B pabore [3] mokazano, uro

S1=Sxar10G6 =

1
= E\/4R(R —2r)3 — (p2 — 2R% — 10Rr + 12)2.
CietoBaTeNIBHO,

S =Sunor=9-51=

= %\/41%(1% —2r)3 — (p2 — 2R% — 10Rr + 12)2.
B pabore [4] mokazano, uro

((1 — cos(a — 6))
(1 —cos(a—7))(1—cos(B—7)) =
_ 4R(R—2r)3 — (p* — 2R2 — 10Rr + 1r2)?
B 8R! '

Orkyja ciieyer, 4To

SeNnor = g\/iRz((l — cos(a — ﬁ))

(1= cos(ar—7)) (1 —cos(B — ’y)))

Teopema jokazana.

CaencrBue. Ilycmv mpeyeorvrurx ABC ne s6-
AAEMCA Pasrobedpertvim u okoso mpanevyuu HNOIT
MOHCHO onucamyv oxpyschocmy. Tozda ee naowado
DPABHA

3
SuNoOI = Z(R — 2T)\/R(3R — 8T).

Jloxaszamenvecmeo. Coraacuo npeyioXKennio 3
p? = 3R? + 8Rr — 2.

W3 teopembr caemayer, 9To

3
SHNOI = Z (4R(R — 2’1")3—

(S

— (3R?+8Rr — 12 = 2R* — 10Rr +1%)%)" =

= Z\/ZLR(R —2r)3 — (R2 —2Rr)2 =
— $(R—20)VRBR= ).

CireicTBue MOKa3aHo.

3ameuanue 2. Ilycts ¢ = ZHNO u h — BbICO-
Ta TPAIIEIWH, OIlyIIeHHAas 13 BepInHbl O Ha CTOPOHY
HN. Torna

h
—— =siny, ON = R —2r,

ON
OI + HN 3-01
—; h = 5 - h,

S = SHNOI =

tak kKak HN = 2 - OI. CienoBaresnbHo,

2 1
h=2.__.9=

3 01
2 \/4R(R —2r)° — (p*> —2R? — 10Rr +r?)2 3
3 R(R —2r) 4
1 (p* —2R* — 10Rr +r?)*
_2(R2T)'2'\/1 4R—2r)3 R -

(p? — 2R% — 10Rr + r?)?

= (R—2r)/1—

(R T)\/ AR(R — 2r)®
"
sin —L— h

PTON T R-2r

—2R? — 10Rr +1?)?
AR(R —2r)?

_ \/1_ (»?

B wacrrocTH, ecoin tpamerus H NOI siBisiercst pas-
HOOOKOI, TO COIVIACHO IIPEJIJIOYKEHUIO 3

p? = 3R? +8Rr — 1%,

(p* —2R* —10Rr +r?)*>  (R*—2Rr)*>
4R(R — 2r)3 "~ 4R(R—-2r)3
& 1
4(R—2r) 4
(p* — 2R? — 10Rr 4+ 1?)?
1 - 1 —_——_—= -
u 4R(R—27”)3 < 1 , TO €CThb

3
sin p < g u ¢ < 60° mm ¢ > 120°.
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