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MaremaTnyecKkoe MOIeTMPOBAHIE PU UCCTETOBAHUN
oneparopa Puy4u Ha 4yeThIpexXMepPHBIX TOKATBHO OFHOPOTHBIX
(TIceBI0)pMaHOBBIX MHOTOOOPa3U X C U3OTPOMHBIM
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M3BecTHO, 4TO 13 JTOKaJIbHO KOHQOPMHO OHOPOJ-
HOro (IICeB/I0)pMMaHOBA IIPOCTPAHCTBA MOXKHO C IIOMO-
b0 KOHPOPMHOII lepopMaLNI ITOTYIUTh IOKAIbHO
OJJHOPOJIHOE ITPOCTPAHCTBO, eC/Iy TeH30p Beiisa (1an
TeH30p CxoyTeHa-Beina B TpexMepHOM ciydae) MMeeT
HEHY/IeBOII KBaIpaT A/MHbL TakuM 06pasoM, BO3HIKAET
3ajiava 06 u3ydeHnu (IICeBJ0)PUMAHOBBIX IOKAIBHO Off-
HOPOJHBIX ¥ JIOKaJIbHO KOHPOPMHO OJHOPOIHBIX MHO-
roo6pasuit, TeH30p Bell/Is1 KOTOPBIX MMeeT Hy/IeBOil KBa-
IpaT I/IMHBL, 2 CaM He paBeH HYJIIO (B 9TOM CIy4ae TeH30p
Beti1s1 Ha3bIBaeTCA U3OTPOIHBIM).

OpHuM U3 BaKHBIX aCIEKTOB IIPY U3yYeHMM TAKUX
MHOT000pasuit SIB/SIETCS M3yUeHNEe OLIEPATOPOB KPUBU3-
HBI Ha HMX, 2 IMEHHO 3ajladya O BOCCTAHOBJIEHNN (TICeB-
JI0)pYMaHOBAa MHOT000Opasysi 10 3alaHHOMY OIlepaTo-
py Puaun.

3ajava o MpeANMCAHHBIX 3HAYEHNUAX OoIepaTopa
Py4um Ha 3-MepHBIX TOKAJIbHO OJJHOPONHBIX pMMa-
HOBBIX IIPOCTpaHCcTBax 6bi1a pemrena O. KoBanbckum
n C. HukmeBny. AHaJIOTMYHbIE Pe3y/IbTATHI [JIA Olle-
PaTopoOB OHOMEPHOIT 1 CEKI[MOHHOI KPUBU3HBI OBIIN
nonydensl JI.H. Ockop6unbim, E.JI. PognoHoBbIM,
O.I1. XpomoBoI1L.

JanHasg paboTa MOCBALIeHAa ONMMCAHUIO IIpUMepa
M3y4eHNA BOIIPOCA O MPEeIMCAHHOM orneparope Puaun
IUISL 9eThIPeXMEPHBIX JIOKATIbHO OJHOPOMHBIX (IICeBJO)
PMMaHOBBIX MHOTOOOPAsMil C HETPUBIUAIBHOI IOATPYII-
IOV M30TPONNM ¥ U3OTPOIHBIM TeH30poM Berina.

Kmouesvte cnosa: nokanbHO OAHOPOIHBIE IIPOCTPAHCTBA,

oreparop Purdtn, n30TpomHsLit TeH30p Beiiis, anre6pst Jln.
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It is known that a locally homogeneous manifold can
be obtained from a locally conformally homogeneous
(pseudo)Riemannian manifolds by a conformal
deformation if the Weyl tensor (or the Schouten-Weyl
tensor in the three-dimensional case) has a nonzero
squared length. Thus, the problem arises of studying
(pseudo)Riemannian locally homogeneous and locally
conformally homogeneous manifolds, the Weyl tensor
of which has zero squared length, and itself is not equal
to zero (in this case, the Weyl tensor is called isotropic).

One of the important aspects in the study of such
manifolds is the study of the curvature operators on them,
namely, the problem of restoring a (pseudo)Riemannian
manifold from a given Ricci operator.

The problem of the prescribed values of the Ricci operator
on 3-dimensional locally homogeneous Riemannian
manifolds has been solved by O. Kowalski and S. Nikcevic.
Analogous results for the one-dimensional and sectional
curvature operators were obtained by D.N. Oskorbin,
E.D. Rodionov, and O.P. Khromova.

This paper is devoted to the description of an example
of studying the problem of the prescribed Ricci operator
for four-dimensional locally homogeneous (pseudo)
Riemannian manifolds with a nontrivial isotropy subgroup
and isotropic Weyl tensor.

Key words: locally homogeneous spaces, Ricci operator,

isotropic Weyl tensor, Lie algebras.
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Bsegenune, onpeiesieHnsi, MOCTAHOBKA 3a/1a-
qu. AKTyaJbHBIM HAIPABICHUEM B UCCJICIOBAHUN
OTIEPATOPOB KPHUBU3HBI SABJISETCS 3a7a9a O BOCCTa-
HOBJIeHUH (TICEBJIO0)PUMAHOBA MHOTOOOpA3Hsl M0 3a-
JIAaHHOMY OllepaTopy KpHUBHU3HBI. TpexmepHble Jio-
KaJIbHO OJIHOPOJIHBIE (IICEBJI0)PUMAHOBBI IPOCTPAH-
CTBa C NpPEIMCAHHLIMU 3HAYEHHSIMH CIIEKTPa Olle-
paropa Puuau 6buin uccienosannt B [1,2]. B cayuae
TpeXMepHbIX Irpyil JIu ¢ JeBouHBapUaHTHON (ICeB-
JIO)PUMAHOBOI MeTPHUKON wu3BecTHBl paborsl [3—6]
0 BOCCTAHOBJIGHUN JAHHBLIX IPyHI JIU 10 3a/1aHHbIM
COOCTBEHHBIM 3HAYEHUSAM OIIEPATOPOB OJHOMEPHOIT
WM CEeKIMOHHON KPUBU3HBI.

Kpome ciayuast JIOKAJIbHO OJHOPOJHBIX —IIPO-
CTPAHCTB TaKyKe WCCIE0BAJICA BOIPOC O COD-
CTBEHHBIX 3HAYEHUSAX Olleparopa Pudadm B ciiydae
TPEXMEPHBIX KPUBU3HO OJHOPOJHBIX ITPOCTPAHCTE
(M., manpumep, [7-10]).

Iycrs (M, g) n-Mepuoe  (IICeBJI0 ) pPUMAHOBO
muoroobpasue, V — cBaszaocts Jlesu—Yusura. Ote-
parop Puwan p onpegesmm paBeHCTBOM

g(p(X),Y)=tr (Z — [VZ,VX]Y—FV[X)Z]Y).

Ilenpro gamHO PAbOTHI SIBJISIETCSI OIMCAHUE AaJl-
rOpUTMa, KOTOPLII II03BOJIUT U3Y4YUTH BOIIPOC O BOC-
CTAHOBJICHUH YETBIPEXMEPHOrO JIOKAJIHHO OIHOPOJI-
HOro (IICEBJI0)pUMAHOBA MHOro00Opasus ¢ M30TPOII-
HBIM TEH30pOM BeliIst 10 peIIicanHoOMy OIIepaTopy
Praan.

IIpumep BbrumucaeHuii. B janHom pazjese Mbl
PACMOTPUM IIPUMEP IPUMEHEHHUS MAaTeMaTUIeCKO-
IO U KOMITBIOTEPHOTO MOJICIMPOBAHNST K HCCJIEI0BA~
HUIO oriepaTopa Pudydm Ha YeThIpeXMEpPHBIX JIOKAJIb-
HO OJHOPOJHBIX (IICEBJIO)PUMAHOBBIX MHOr000Opas3u-
sIX ¢ HETPUBHUAJIBHON IOATPYIIIOI N30TPOINH U U30-
TPOIHBIM TeH30pOM Beiirs, kiaccudukarms KOTo-
pbIX OblIa nostydeHa B paborax [11,12].

Teopema 1. Ilycrs (G/H,g) ecrb ciy4aii
“1.31.27 (auq # 0, agg # 0, X # 0). Torya onepa-
TOp p MoxkeT 6brTh oneparopoM Puuan (G/H, g) jist
HEKOTOPOH HHBaApHAHTHOH METDHUKH TOLJ& H TOJILKO
torga, korga p umeer tun Cerpe {(22)} ¢ HymeBbim
COOCTBEHHBIM 3HAYCHHEM.

JokazaresibecTBo. B ciayuae “1.31.27  cko6-
ku JIu, onpeensitontue anrebpy Jlu rpymnmsr G, nme-
0T BU/T

[617 'LL4] = U2,

[U27 U4] = U2,

[e1, us]

[u1, us]

= Ui,
—)\61 =+ ()\ + 1)u1 —+ )\Ug,

rie A # 0. CkajisipHOe IPON3BeIeHNe Ha JIOIIOJIHEHUH
K Iogaaredpe M30TPOINH 3a1aeTCs PABEHCTBAMUI

<U2,U3> = —<U1,U4> = (23, <U37U3> = (33,

<U37U4> = (v34, <U4,U4) = Qiy4,

e (g4 75 O, 93 75 0.
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ITosoxxum

_ .k _ vk
[ui, ug], = cijur, [ui,uj]h = Cjiex,
_ =k
[euuj]m = C;; Uk,
rae ¢, CF u ¥, — MaccHBLI COOTBETCTBYIOMIX pas3-
He Cijs Ui ij YIOIINUX D
MepoB. Kommonentsr cBa3uoctu Jlesu-UuBnra BbI-
parkaioTcs Uepe3 CTPYKTYPHbIE KOHCTAHTBI 1 KOMIIO-
HEHTBI METPUIECKOIO TEH30DA:

1
F?j =35 (Cicj + gSkClsjgil + QSkClsinl) )
- 1
k _k k=l
Iy = 5%‘ ~ 3 " Cisgit,

rae {g¥} — marpuna, obparnas K MaTpuie {gi;}.
Brorancimm oneparop Puuun ¢ momornpio hopmy-
JIBI

pr = (FékFZl - Fﬁakrfl + Ciprlpk: + Cépffk) 9"

B mammom 6a3uce omeparop Puwaan mvmeer Bt

A+1 1

00 - 2:23 2023

A4l AL

p= 0 0 - 2aa3 2aa3
0 0 0 0
0 0 0 0

Tax kak A # 0, To oneparop Puuun umeer ciesyro-
IYTO KOP/IAHOBY (hOpPMY:

oo oo
SO O
o o oo
o= O o

Takum 06paszom, TeopeMa JOKa3aHA.

Teopema 2. Ilycre (G/H,g) ectb ciayqaii
“1.4Y.27 (g # 0, azs # 0, aus # 0, p # 3).
Torma omepatop p MOXKeT OBITH orepaTopoMm Pmt-
un (G/H, g) A/1si HEKOTOPOiT HHBAPHAHTHOH METPUKH
TOIJIa M TOJIBKO TOIJIA, KOTJ/a

e cciu p # 1 up # 5/3: omeparop p mmeer THI
Cerpe (22) ¢ HeHy/1eBbIM COOCTBEHHBIM 3HATCHH-
eM;

e ecim p = 1: oneparop p umeer Tun Cerpe (22)
C HyﬂeBbﬂ\l CO6CTB€HHBHVI SHAYECHUEM.

e eciim p = 5/3: omeparop p umeer tun Cerpe
(1111) ¢ HenysieBbIM COBCTBEHHBIM 3HAYCHHUEM.

HokazaTenbcTtBo. B ciaywsae “1.41.27  ckob-
ku JIu, onpenesionme aaredopy Jlu rpymmnsr G, ume-
10T BH/I

[61,U2] = Uy, [61,1&3} = U2,
[61,u4]:€17 [U17U4]:ZJU1,
[ug,us] = (p — Dua,  [us,us] = (p — 2)us,
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rie p # 3. CKaJisipHOE IIPOM3BE/IEHIEe HA JIOIIOJTHEHUT
K MojairedOpe m30TPOIUN 3a/1aeTCsi PABEHCTBAMU

(ug,ug) = —(u1,us) = e, (us,us) = ass,

(ug, ua) = o34, (Usg,Us) = g,

e o 75 O7 44 75 0.

AHaJOrIYHO JI0KA3aTEJILCTBY MPEIBIIYINei Teo-
PEMBI BBIYUCIUM MATPHILY omeparopa Puddn B gaH-
HOM basuce:

_3-1? 0 _ 233(3p—5) 0
- 044 B 3(1;;41)2 61 22 O
S 0 — 317 0
Qg4
0 0 0 _3-1)?

Qg4

Ecmu p # 5/3, To oneparop Puuun nmeer ciemy-
TOTIYTO YKOPJAHOBY (hOpPMY:

_% 1 0 0
0 _3(p=1)? 0 0
p= Qg4 )
0 0 _ 3=~ 0 ’
Q44
0 0 0 _3(=1)?

Q44
TJie 9JeMEHTHI Ha JIMaroHaJii MOU'YyT IIPUHUMATH JIIO-
Oble 3HAYEHNUsI, HO PaBHBI HYJIIO JIUIIHL TPH p = 1.
Ecmu p = 5/3, To oneparop Puauan nmeer cuery-
TOTIYTO 2KOP/IAHOBY (hOPMY:

—a— 0 0 0
g4 4
P = 0 m O4 O )
0 0 —5an 0
0 0 0 4
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/e SJIEMEHTHI Ha JINATOHAJU MOTYT ITPUHUMATH JIFO-
Oble HEHYJIeBbIE 3HATEHUSI.

Taxmm o6pazoMm, TeopeMa TOKa3aHa.

Teopema 3. Ilycrs (G/H,g) ecrb ciyuaii
“2.21.47 (ag3 # 0, aiaq # 0). Torza omepatop p Mo-
ket ObrThb oneparopom Puaun (G/H, g) mist Hekoro-
PpoIi HHBApHAHTHOI METPHUKH TOIZIA U TOJBKO TOILZA,
rorga p nmeer tun Cerpe {(22)} ¢ myseBbim cob-
CTBEHHDBIM 3HATCHHEM.

HoxkazareabcTBo. B ciygae“2.2' .47 crkobkn Jln,
omnpeessonue aaredpy Jlu rpynnet G, umeroT Bu/L

[el,ul] = U1, [el,uz] = U2,
[elau3] = —us, [6 U4] = —Ug,
[e2, us] = uy, [e2, us] = —uy,
[u1,us] = ez, [ug, uz] = e1,
[ug, uq] = es.

CKaJIHpHOG npousBejJeHue Ha JOIIOJIHEHUN K I1oJaJI-
FC6pC N30TPOIINHU 3a1a€TCsd paBCHCTBaMU

(w1, us) = (ug,us) = aoq, (U2, u3) = a3,

rae o3 75 0.
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AHAJIOTUYHO JIOKA3aTe/IbCTBY TeopeMbl 1 BbIUMC-
JINM MaTpHUILly oneparopa Puddn B manHoM Gasuce:

0o —-= 0 0

Q24
~lo o 0 0
P=1o0 o 0 0
0 0 -2 0

Q24

[Ipu s1100BIX 3HAMEHUSIX (voq OTEpaATOp Puttinm mmeer
JKOPIAHOBY (hopMy:

AS)

I
cooo
co o~
cooo
o oo

Takum obpazoM, Teopema JloKa3aHa.

Teopema 4. Ilycrs (G/H,g) ecrb ciy4vaii
“2.52.27 (g # 0, s # 0). Toraa omepatop p MoKeT
obi7Tb oneparopom Puuun (G/H,g) mist HekoTopoii
HHBAPUAHTHOI METPHKH TOIJA U TOJIBKO TOL/AA, KO-
n1a

o eciu r? + p # 0: oneparop p mmeer Tuir Cerpe
(22) ¢ HyseBBIM COBCTBEHHBIM 3HAYCHHUEM;

e ccmu 12 4 p = 0: oneparop p mmeer Tun Cerpe
(1111) ¢ mysreBbIM COBCTBEHHBIM 3HATCHHEM.

HoxkazarenbcTBo. B cayuae “2.52.27 ckob-
ku JIu, onpenensronue anre6py Jlu rpymmst G, nme-
0T BUJ

[Bl,uz] Uy, [61,U3] = —u2,
le2, us] = ug, [e2,uq] = —ua,
[ur, us] = w1, [ug,uq] = 2rus,

[ug, us] = (p + s)el +reg+ uy — 27 uy,
[us,uq) = —re; + (p — s)ea — 2rug — uy.
CkaJjiIpHOe IpOU3BeIeHIe Ha TOIIOJIHEHHH K IIOIAN-

rebpe M30TPONUH 3aaeTCs PABCHCTBAMHE
<U1,U3> = <U2,U2> = <U4,U4> = (44,
(u3,u3) = a3,
rie ayq # 0.

AHaJIOTUYIHO JI0KA3aTEIBCTBY T€OPEMBI 1 BBIYmC-
JINM MaTpuity orneparopa Pudun B mamHoMm Oasuce:

2(r?+p)

0 0 0
Q44

,—|00 0 0

00 0 0

00 0 0

Eciu 72 4+ p # 0, To oneparop Pwaanm nMeer ciie-
JIYIOMIYIO 2KOP/IAHOBY (POpMY:

0100
o0 0 o0
P=10 0 0 o

000 0



MaremarH4eckoe ModearnpoBaHHe IMpH NCCaea0BaHHN Oorieparopa Puyun...

Eciu r? + p, To omeparop Puuum rpusumasen,
a suauut, umeer Tun Cerpe {(1111)} ¢ HyseBbIM OG-
CTBEHHDBIM 3HAYCHUEM.

Taxmm o6pa3oM, TeopeMa HOKa3aHa.

3akmgouenue. OTmeTnM, ITO PACCMOTPEHHBIH
B CTaThe MPUMEP MOXKHO OOODIIUTH IS OCTAJb-
HBIX CJIYYIAEB YETBHIPEXMEPHBIX JIOKAJIHHO OJIHOPOJI-
HBIX (IICEB/I0)PUMAHOBBIX MHOrOOOPa3uil ¢ HETPUBU-
AJIBHOI MTOJIPYIIION M30TPOINU U M30TPOIHBIM TEH-
30poMm Beitst.
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