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ITocnenHee BpeMs CTAHOBUTCS aKTYaIbHBIM U3yde-
Hue (IICEeBJI0)pMMAaHOBBIX MHOT0O0Pa3Nil ¢ pa3IyyHbI-
MU METPUYECKIMU CBSI3HOCTSIMU, OT/INYHBIMU OT CBSI3-
HocTu JleBu-UnBnra.

MeTtpudeckasi CBA3HOCTb C BEKTOPHBIM Kpy4YeHUEeM
(TaxoKe M3BeCTHAs KaK IIOTyCUMMETPUYECKasi CBA3HOCTD)
SIBJLSIETCSI OJJHOI 13 4aCTO PaCCMATPUBAEMBIX CBSI3HOCTEIN.

CBA3b MeX/Iy KOHPOPMHBIMI AedopManuamMu pu-
MaHOBBIX MHOTOO0Opa3nit 1 METPUIECKUMU CBSI3HOCTSI-
MM C BeKTOPHBIM Kpy4YeHleM Ha HUX OblIa yCTaHOB/IEHA
B paborax K. SHo.

A VIMeHHO: pUMaHOBO MHOroo0pa3sue JOIyCKaeT Me-
TPUYECKYIO CBA3HOCTD C BEeKTOPHBIM KPYy4eHUeM, TEH30P
KPMBM3HBI KOTOPOJI paBeH HYIIIO, TOIZA U TOIbKO TOIJa,
KOT/Ia OHO SIBJIsIETCS] KOH(OPMHO IIOCKUM.

Kpowme Toro, faHHasA CBASHOCTD UIPaeT BaXKHYIO PO/Ib
B CJIy4ae JBYMEPHbIX IOBEPXHOCTEIT, TaK KaK B 9TOM CITy-
4ae 100as MeTpuyecKasi CBA3HOCTD SIB/ISIETCS CBSIZHO-
CTBIO C BEKTOPHBIM KPy4YeHMEM.

Taxum 06pasoM, BOSHUKaAET 3afaya 00 U3yIeHUU
(1IceB/I0) pMaHOBBIX MHOT000OPA3uil C METPUIECKO
CBSISHOCTBIO C BEKTOPHBIM KpPy4YeHUeEM, TeH30p KpUBU3-
HBI KOTOPBIX paBeH HYIIIO.

JanHas paboTa MocBsiieHa peneHnio MOCTaBIeHHON
3aJlauy B CIy4ae TPeXMEpPHBIX MeTpudecKux rpymn JIn.
Kpome Toro, mpuBOAUTCS MaTeMaTndecKas MOJie/b, T0-
3BOJISIIOIIAsT BBIYMCIIATD KOMITOHEHTBI TEH30Pa KPUBU3-
HBI METPUYECKOIL CBA3HOCTY C BEKTOPHBIM Kpy4eHVeM
B CJIy4ae MeTpU4ecKux rpymn JIn.

Kmoueevie cnoea: (1iceBno)puMaHOBOe MHOroo6pasie,

MeTpI/I‘{eCKaﬂ CBA3HOCTD C BeKTOpHI)IM pr‘{eHI/ICM, I‘pyH-

el JIu, TEH30p KPUBUSHBL
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1. BsexeHue, olpejie/ieHIs U IOCTAHOBKA
samauu. Ilycrs (M, g) — (1ceBio)puMaHOBO MHO-
roobpasue. OmpejennM Ha JaHHOM MHOrooOpasuu

*PaboTa BbinosHeHa 11pu noiep:kke POOU (rpant: Ne 18—
31-00033 mox_a).
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Recently, the study of (pseudo)Riemannian manifolds
with different metric connections different from the Levi-
Civita connection becomes relevant.

A metric connection with vectorial torsion (also
known as a semi-symmetric connection) is one of the often
considered connections.

The connection between the conformal deformations
of Riemannian manifolds and metric connections
with vectorial torsion on them was established in the works
of K. Yano.

Namely, a Riemannian manifold admits a metric
connection with vectorial torsion, the curvature tensor
of which is zero, if and only if it is conformally flat.

Moreover, this connection plays an important role
in the case of two-dimensional surfaces since, in this
case, any metric connection is a connection with vectorial
torsion.

Thus, the problem of studying (pseudo)Riemannian
manifolds with metric connection with vectorial torsion,
the curvature tensor of which is zero, is arisen.

This paper is devoted to solving the problem
in the case of three-dimensional metric Lie groups.
In addition, a mathematical model is presented that allows
one to calculate the components of the curvature tensor
of a metric connection with vectorial torsion in the case
of metric Lie groups.

Key words: (pseudo)Riemannian manifold, metric connec-

tion with vectorial torsion, Lie groups, curvature tensor.

METPUYECKYIO CBA3HOCTD Vv Ipx oMoy paBeHCTBa

(1)

rae V. — HekoTopoe (pUKCUPOBAHHOE BEKTOPHOE ITO-
sge, X u Y — 1npousBOJIbHBIE BEKTOPHBIE 101, VI —
cesizHOCTDh JleBu-Uusnura. Cesi3HOCTH V' Ha3bIBaET-
Cd METPUYECKON CBA3HOCTBIO C BEKTOPHBIM Kpyue-

VxY =VLY +g(X,Y)V —g(V,Y)X,
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HUEM W SIBJISIETCS OJTHON M3 TPEX OCHOBHBIX CBI3HO-
creit, onucannpix . Kapranom B pabore [1]. Takxke
CBSI3HOCTBH V HA3bIBAIOT TOJYCUMMETPHUIECKO CBSI3-
HOCTBIO (C TOYHOCTDHIO JI0 HAIIPABJICHUS ).

JlanHasi CBSI3HOCTH UTPAET BayKHYIO POJIb B CIIy-
Yae JIBYMEPHBIX ITOBEPXHOCTEH, TIOCKOJBbKY JIIO-
Gasl MeTpUUIECKasl CBA3HOCTH SIBJISIETCS CBI3HOCTHIO
€ BEKTOPHBIM Kpy4eHHeM B 5ToM ciay4dae [1]. B pado-
Tax [2-7] u3ydaiorcs pasindHbIe ACIEKThl MeTpUIe-
CKHUX CBSI3HOCTEH ¢ BEKTOPHBIM KDY ICHUEM.

B pa6ore K. fuo [8] 6bu1a chopmymuposana u j10-
KazaHa BayKHAsl TEOPEMa O CBA3W KOH(MOPMHBIX Jie-
dopMaruii 1 METPUIECKUX CBSIBHOCTEI ¢ BEKTOPHBIM
KpYyJeHUEM.

Teopema. PumanoBo mHOroobpasme JOIMyCKaeT
METPHIECKYIO CBSI3HOCTH C BEKTODHBIM KDY ICHH-
eM, TeH30p KPHBH3HBI KOTOPOH DAaBEH HYJIIO, TOLJA
H TOJBKO TOIJA, KOIJA OHO SIBJISIETCST KOH(DOPMHO
TLIOCKHM.

Takum obpazom, BO3HUKaET 3ajada 00 U3yIeHUun
(1ICeBI0) PUMAHOBBIX MHOIOOOPa3Mii ¢ METPUIECKOI
CBSI3HOCTBIO C BEKTOPHBIM KPYYEHUEM, TEH30p KpH-
BHU3HBI KOTOPBIX pasen Hymo. lanmas pabora mo-
CBSIIEHA PEIECHUIO TIOCTABICHHON 3aa9 B CJIydae
TPEXMEPHBIX METPHIECKUX TPyt JIm.

2. IlpenBapuresibHble cBeJeHUs. 1eH30p
KPHUBU3HBI METPUYECKOI CBA3ZHOCTU V C BEKTOPHBIM
KpPYUEHUEM OIIPEJIeJIAeTCsS aHAJIOTUYHO OOIEMY CJIy-
“al0 PABEHCTBOM:

R(X,Y)Z =VyVxZ—VxVyZ+VixyZ.

OTmernM, 9TO, B OTJIAYHE OT CJIydas CBS3HOCTH
Jlepu-YuBnTa, B TAHHOM CJIydae TEH30D KPUBU3HBI
He 00s13aH yJIOBJIETBOPATE AJIeOpanIeCKOMY TOXKIe-
crBy Bbhankun.

UccnenoBanne KpUBU3HBI TPEXMEPHBIX METPHte-
ckux rpyui JIu ocHOBLIBaeTCs Ha CJIEyIONel Teo-
peme, KOTopasi ObUIa JI0OKa3aHa B PIMAHOBOM CJIydae
B pabore [9], a B opennesom — B [10].

Teopewma. Ilycrs (M, g) — TpexmMepHOe JIOKAIb-
HO OJHOPOJHOE (HCEBJ0)PUMAHOBO MHOT0OOpA3He.
Torya smbo (M, g) sBasieTCst JOKAJIBHO CHMMETPHY-
biM (oTHOCHTEIbHO CBsi3HOCTH Jlepu-Uusura), Jiu-
60 OHO JIOKAJILHO H30METDHIHO TPEXMEDHOI IpyIIie
Jlu ¢ jeBonnBapuanTHOl (LCEBI0)pUMAHOBOI MeT-
PHKOIA.

Curenytomasi KiaccuduKamnys st TPEXMEPHBIX
Merpudeckux rpymm Jln Obuta mosydeHa B puMa-
HOBOM ciiydae B crarbe [11], a B Jsopeniiesom —
B [10,12,13].

Teopema 1. IIycte G — TpexmepHass METpPHIC-
ckast rpynna JIu, Torsa cooTBeTCTByomast MeTpuie-
ckast ajgrebpa JIu comep:kuTcst B TabJIHIIe.

OnurreM MaTeMaTHICCKYIO MOJETb, T03BOJISIIO-
[IyI0 BBIYUCIATH KOMIIOHEHTBI TEH30pa KPUBU3HBI
JUIST METPUYeCKuX Ipynn JIu ¢ MeTpuyaeckoil ¢Bs3HO-
CTBIO C UHBAPUAHTHBIM BEKTOPHBIM KpydeHHeM. 3a-

duxcupyem Hekoropsrii 6asuc {e1,es, ..., ey}t B CO-
otTBercTByIoIeit anaredope JIu g. [lomoxnm,
_ .k _
e, ej] = CijUes (uisuj) = gi5,

rae ¢

ij — CTDYKTypPHBIC KOHCTaHTBI aJreOper Jlu,
gij — KOMIIOHEHTEI METPUYIECKOIO TEH30DA.
Kowmmnonents! cssiznoctu Jlesu-Yusura VI Boipa-
JKAIOTCsl 9epe3 CTPYKTYPHbIE KOHCTAHTBI U KOMIIO-
HEHTBI METPUYECKOI'O TEH30pa:
1'€. 1 sk 1

k sk 1
ij = 5 (Cij +9 Cs;59il +g° Csigjl) y

()
rae V9 e; = (T9)% e m {¢"} — marpuna, obparnas
pil e; i ij €k g puia, oop
K Marpuie {g;;}.

ITycrs uaBapuanTHLIA BekTop V' € g, TOraa KOM-
HOHEHTHI METPHYECKON CBA3HOCTH V € BEKTOPHLIM
kpyuenueM (1) 3aa10TCsl paBeHCTBAMU:

k _ 19k vk Sq. .5k
Ly = T9)5; + 9iV" = Vogs567

Vee; =TFe
riue €] T Tag k-

KoMIIOHEHTBI Te€H30pa KPUBU3HBI R MOXKHO BbI-
YUCUTH C HOMOIIBIO CJIeytoeil (hopMyIbl:

Rijks = (Fékril — T, T8 + T + ijffk) Gps-

3. OcHoBHOIiI pe3ynbTar. [JIaBHBIM pE3yiib-
TATOM JIAHHON PabOTHI SABJISIETCS CJIETYIONMAsT

Teopema 2. Ilycrs (G, g) — TpexmepHast Mer-
pudeckasi rpymmna JIu ¢ MerpudecKoil CBS3HOCTHIO
¢ WHBapHAHTHBIM BEKTOPHBIM KpydenueM. Torma ec-
JIH TEH30D KPUBH3HBI PABEH HYJIIO, TO

e peaygaeU: V =0mu

1. 6o a; =0, ag = ag;
2. gmbo as =0, ay = ag;
3. smbo az =0, a; = ag;

e B cayuae NU:

1+ 1-0a} v = ag,

1. ymbo oy =

2. mbo as = 1 + 1—0[%, a] = ag,
1+4/1—a2) V3
Vv = (O,—( \/F) ,V3>, e

V3 =4/£2¢/1—a2 - 2;

e Boiayyae A1: V=0u

1. ymbo o =0, ag = aig;
2. gmbo ag =0, ap = —az;
3. smbo az =0, a1 = —ao;
e Bcayuyae As: vy =0, o =0V =0;

e Bcayuae Az: ap =0 m
1. sm6o V = (0,1,1);
2. 6o V = (0,—2,—2);
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L AUULKLIGL L

Tpexmepnbie MmeTpudeckue aaredpst JIu

Coygait Ckobru JIu Herpusnaspiie Orpanundenust
CKaJIsipHble TPOU3Be/ICHUST
Pumanosa merpuka
Uu [e1, e2] = azes, [e1, e3] = —anes, [e2,e3] = aies (e1,e1) =1, (e2,e2) =1, —
NU le1, e2] = (2 — az2)ex + azes, [e1, €3] = area + azes, (es,e3) =1 B
[62,63] =0
Jlopenresa merpuka
e1,e1) = —1, (ez,e2) =1
Aq [61,62] = (3€3, [61,63] = —(2€2, [62,63} = 1€1 b 1> ’ <f7 2> ’ -
(63,63 =1
er,e2] = (1 —az)es —ea, le1,e3l =e3 — (1 +az)e
As ler, ea] = ( 2)es 2,[_1, 3] 3—( 2) €2, (er,e1) = 1, (ea,e2) = 1, B
[62,63} = Qi€é1 -1
A le1, e2] = e1 — aues, [e1,e3] = —arez — ex, (es,es) = — B
3 [e2,e3] = a1e1 +e2 +e3
A le1, e2] = ases, [e1, e3] = —azer — azes, e1,e1) = —1, {ea,e2) = 1, a2 £0
[e2, e3] = —are1 + ages (es,e3) =1 ]
A le1,e2] =0, [e1,e3] = arsinaz el — az cosasea, (e1,e1) =1, {ea,e2) =1, asn:_a; 7;06
[e2, €3] = a1 cos iz €1 + g sin oz ez (e3,e3) = —1 o 1> 0 204 >’0
1 =Y, 2 =
[61762] = 0, [61,63] = (xze1 — Qqe2,
=1 =—1
b [e2,e3] = aner + agen fea,e2) =1, {e1, ea) a2 7 az
e1,es] =0, |e1,e3| = aze; + aje
G fer. e2] =0, [3 ol = aser Fanes, (e,e1) =1, (e2,e2) = —1, s # a3
[ea, €3] = arer + azes (es,e5) = 1
Co [61,62] =0, [61,63] = (rp€1 — (3€2, 3,63) = a2 7'é 0,
[e2, €3] = arer + azea ar+as3 #0

a V3 4+2VV2 — 204 =0,
a1 V24 2VV3 — 20, =0,

e 5 cayyae A:
1. smbo a1 =0, ag = £7/2, V = (fan,0,0);
2. ymbo oy =0, azg = x7/2, V = (0,0, Faz); a1 V3 —2VV2 + 204 42V =0,
3. ymbo o =0, az = +7/2, V = (0, +ay,0); a1V —2VV3 4 204 + 2V = 0.
4. ymbo o =0, g = 7 /2, V = (0,0, Foy)

5. ambo oy = a, V = (0,0, —aq sin(ag));

)
PaCCMOTpI/IM CyMMY Ce€JIbMOI'O U JIEBATOI'O ypaB-

e B ciyuae B: ay = 0u HEHHNH U BbIYTEeM M3 HUX IIIeCTO€ U BOCbLMOE:

1. sm6o V = (e — a3,0,0);
2. ymbo V = (—as,0,0);

a (V2 =v3 =o.

Ecm a; # 0, o V2 = V3 u naroe ypasuenue npu-
met B of + 4(V1)2 = 0. Takum obpaszom, 0bs3a-
respHo 1 = 0. Cucrema mpuMer BUJL:

(V3?2 +V?-2=0,
Vi (V3?2 —2=0,
V2V3 4 V2 2=,
V234 V3 —2=0,
(V1)2+V2—V3=0,

e peaydae C1:ap =0
1. smbo g =0, V = (0,0, a3);
2. ymbo ag =0,V = (0,0, a2);
3. smbo as =0, V = (0, £as,0).
B cayuasix Ay u Co TeH30p KPUBU3HBI HE MOXKET OBITH

paBeH HYJIIO.

,HOKaBaTe.TIbCTBO. PaCCMOTpI/IM JOKa3aTeJIb-

CTBO TEOPEMBI JIIst ciydas As, JIJIsi OCTATbHBIX CJIy- ViV —o
- )
JaeB TeopeMbl 1 JI0Ka3aTeIbCTBO AHAJIOTHIHO. VIVE — o
B mannowm caydae cucrema ypasnenuit R = 0 nme- -
17,2 1
eT BU, Vve-V:=0,
1 1
vivi—vi=o.

o —4(V3)? —4V? 8 =0,
o +4V3 4+ 4(VH?2 -8 =0,

VI +2V2V8 £ ov? 4 = 0, Pazmocts 1mectoro m BocbMOro ypasHeHnuit jgaer

V! = 0, rorna m3 naroro moaygaem V2 = V3. Cu-

a VP —2V2v3 —ovd 44 =0,
o +4(VH2 44V2 —4v? =0,

crema nipuver sug (V2)2+V?2 —2 = 0 u Gyzer nmernb
pemrenng V2 =1u V2= -2,
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4. 3akJjrodyenme. B pesyibrare I1IPOBEJIEH-
HBIX HCCJIEJOBAHUN MOCTPOEHA MATEMATHIECKAsT MO-
JIe]Ib, KOTOPas MO3BOJIAET BBIYUC/IATH KOMIIOHEHTHI
TEH30pa KPUBU3HBI METpUYecKuX rpymn Jlu ¢ mer-
PUYECKOi CBA3HOCTBHIO ¢ MHBAPUAHTHBIM BEKTOPHBIM

kpydenuem. Kpome Toro, B pabore j0Ka3aHa Teope-
Ma 00 ajreOpandeckoM CTPOEHHH TPEXMEPHBIX MeT-
putiecknx anaredp JIu ¢ BEKTOPHBIM KPYUIeHHEM U HY-
JIEBBIM TEH30POM KPUBU3HBI.
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