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IlycTs BHOML 3aMKHYTON KpHWBOI Ha IOBEPXHO-
CTU OOHOCHUTCSI HOPMAaJIbHBIN BeKTOp. Eciu mpu Bo3-
BpAIllEHUU B WCXOJHYIO TOYKY HAIpaBJIEHHE HOD-
MaJid COBIIAJA€T C MCXOJIHBIM, HE3aBHCUMO OT BbI-
6opa KpUBOi, TO IIOBEPXHOCTH HA3BIBAETCS JIBYCTO-
ponHeil. B nmporuBHOM ciiydae mMeeM OIHOCTOPOH-
HIOIO TIOBEPXHOCTH. [IpocTeiimiei 0HOCTOPOHHEH TT0-
BEPXHOCTBIO siBjIsteTcst juct Mebuyca. K ommocTo-
POHHHUM IIOBEPXHOCTSIM OTHOCSITCSI TaK»Ke CKPeIleH-
HBIIl KOJIIIAK, PUMCKAasi IMOBEPXHOCTH, IIOBEPXHOCTH
Bost, 6yreuika Kieitna. Ilycts Ha TOpe 3amana 3a-
MKHyTasl KpUBasi C MOMOIIBIO 47T-MepUOIITIECKON
BekTop-pyukuuu p = p(v). Torma dbyuxiua s(v) =
= 1(p(v) + p(v + 2m)) ecrb 2m-nepuoMuecKasl,
a dymxmua [(v) = 3(p(v) — p(v + 27)) ectb 27-
aHTUIEpHOnYIecKas. Vcrnosb3ys HaiijgeHHble dYHK-
U¥, OIPEIETAIOTCS ypaBHeHHWs Jucrta Mebuyca,
OoyTeiku KieitHa u CKpereHHoro Kojmaka. Bosb
3aMKHYTOI KpUBOil s = $(v) Ha NOBEPXHOCTHU OIIpe-
JleJisieTCsi HOpMaJibHbIM BekTOop. Ilpu Bo3BparneHun
B HCXOJHYIO TOYKY KPHUBOI HalpaBjieHHe HOPMaJIh
[IPOTHUBOIIOJIO?KHOE UCXOJHOMY Hanpasieruo. C mo-
MOIIIBIO CUCTEMBI KOMITBIOTEPHON MATEMATUKH CTPO-
SITCSI UCCJIeTyeMble TIOBEPXHOCTH.

Karouesvie caosa: Oytoiika Kiteitna, quct Mebu-
yca, CKpEIeHHBIN KOJINAaK, 27-Iepuoandeckast QyHK-
ust, 27T-aHTUTIEPUOIUIECKasT (DYHKIIHS.
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Buepsble ypaBHeHHE OIHOCTOPOHHEH MOBEPXHO-
cru, OTKpbITOIl Mebuycom, 6bL10 mosTyueHo Martke
[1]. Ecau rayccosa xpuBusna jmcra Mebuyca pasHa
HYJII0, TO OH Ha3BbIBAETCs MJIOCKMM. bubsmorpadust
pabor Ha 3Ty TeMy JaHa B pabore [2].

K  0aHOCTOPOHHMM IOBEPXHOCTAM OTHOCATCS:
CKpereHHbI Komak [3], Oyrbuika Kueitna [3, 4].
B paborax [4, 5] nokazano paspesaHue OyTBUIKH
Kieitna na asa smcra Mebuyca. B [6] ucciemyercs
mrockuit iuct Mebuyca.

B  eBKJIMIOBOM IpocTpaHCTBe IS
PUM TUIAJIKYIO 3aMKHYTYIO HEIJIOCKYI0 KPHUBYIO 7Y
6e3 caMolepeceveHus, 3aJaHHYI0 47-TIepUOINIECKON
BekTOp-pyHKIHUEr p = p(v), KOTOpas HE sBJISETCS
2T-IIEPUOINIECKON U 27T-aHTUIIEPUOITIECKO.

paccMoT-
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Let a normal vector be defined along a closed
curve on surfaces. If you return to the starting
point, and the normal direction coincides with
the original one, regardless of the choice of the
curve, then the surface is called bilateral. Otherwise,
we have a one-sided surface. The Mebius band is the
one-sided surface. Cross-cap, Roman surface, Boy
surface, Klein bottle are also one-sided surfaces.
We define the closed curve on the torus using 4n-
periodic vector-function p = p(v). Then vector-
function s(v) = 1(p(v) + p(v + 27)) is a 2m-periodic
vector-function, and the function (v) = % (p(v)—
—p(v + 27)) is a 2m-antiperiodic vector-function.
The equations of the Mobius band, Klein bottle and
cross-cap are defined using the obtained functions.
A normal vector is defined along a closed curve
s = s(v). If you return to the starting point then
the normal direction is opposite to the original one.
Examples of these surfaces are constructed using
a mathematical software package.

Key words: Klein bottle, Mobius band, cross-cap,
27-periodic function, 2w-antiperiodic function.

Tak kak
p(v) = plv+ 4r), (1)

TO PYHKITHST

s(v) = 5 (p(v) + p1(v)), (2)

N =

rie
(V) = plv +27), (3)
€CTb 27-IepUoJIndecKasi, He paBHAs HYJIIO, & BEKTOP-
dyHKIMSA
1(0) = 5(6(0) = p1(0) (1)
€CTb 27'1'—aHTI/Il_IepI/IO,HI/IqeCKaSI7 HE€ paBHad HYJIIO.

C momoripo 3TuxX (DYHKIUN TOCTPOUM ITPUMEDPDI
OJTHOCTOPOHHHUX ITOBEPXHOCTEM.



O 1HOCTOPOHHEE TTOBEPXHOCTHU

IIycTh BHOIL 3aMKHYTON KpPHBOI Ha IOBEPXHO-
cru OOHOCHTCS HOpMaJIbHBIN BeKTOp. Ecu mpu Bo3-
BpallleHU! B UCXOJHYIO TOYKY HallpaBJjleHNe HOpMa-
JID COBIIQJIA€T C MCXOJHBIM, HE3ABHCUMO OT BBHIOODA
KPUBOIi, TO IOBEPXHOCTH HA3bIBAETCA JIBYCTOPOHHEIL.
B mpormBHOM cirydae mMeeM OJHOCTOPOHHIOIO IIO-
BEPXHOCTb.

PaccMoTpum uHeiivaTyo MOBEPXHOCTH

r(u,v) = s(v) + ul(v). (5)

Ecin npu sToMm Kpubasi § = $(v) He BBIPOXK-
JIeHHast, a BeKTOp (V) He napaJulesieH OCTOSTHHOMY,
TO KOIJIa TOYKA KPUBOH s = $(v) 3aBEPIIUT IIOJIHBII
obopor, npamasa L = (s(v),l(v)) cmenuT Hanpasie-
HHUE Ha IIPOTUBOIOJIOXKHOE.

Bekrop-dyukius r(u,v) = s(v) + ul(v), onpe-
nesster smer Mebuyca, juist kotoporo s = s(v) —
cpennss juHus, a p = p(v) = r(1,v) — kpaii.

PaccMOTpUM BEKTOp HOpDMAJIU N = [Iy,Ty] =
= [¢'(v),l(v)] Bmosb smmum s = s(v). Tak kak
s'(w) = §'(v+2m), I(v) = =l(v+ 27), TO TOJIYIUM
n(v) = —n(v+2m). Bekrop n = n(v) cMeHUT HaIpas-
JICHHE HA HPOTHBOIIOJIOXKHOE, KOTJa TOYKA KPUBOI
s = s(v) zaBepmmT nosHbll obopor. IloBepxHOCTH
M ecTb OTHOCTOPOHHSIS.

Omnpenennm nosepxHocTh K ypaBHEeHUEM

r(u,v) = s(v) + sin(u)l(v)+
+sin(mu)(l(v + 7) + f(v)e)

u = —-7,.,mv = 0,.,27, tne f = f(v) — 27-
AHTUIIEPUOAMIECKast (DYHKIUSA a BEKTOP € €CTh I0-
CTOAHHBIN.

Bekrop f(v)e yuobHO BbIOpaTh Tak, 4TOOLI BEK-
ropet [(v), {(v+ ) + f(v)e ObLIM OpTOrOHAJBHbIE.

Eciu m — 4weTHOE 4uc/I0, TO KpUBas v = const
€CTh KpUBag THUIA BOCBMEPKH C 11 CEKIUAMU U II0-
BEPXHOCTb 3aMKHYTas.

Ecsm m — HedeTHOE 9HCII0, TO KpUBag v = COnst
€CTh He3aMKHYTasd KpHBasd, a IOBEPXHOCTb K eCThb
[IOBEPXHOCTD € KPAEM.

IIpu m = 1 310 OTPE30K NPAMOI U IIOBEPXHOCTD
K ectp npamonmHeitnbii auct Mebuyca.

HWcenemyeM BEKTOp HOPMaJd BIOJb 3aMKHYTOM
kpuBoit (0, v) = s(v).

Nmeem n(v) = [ry,ra] = [§'(v),l(v)] =+
+ m[s'(v),l(v + ®) + f(v)e]. Tak rak n(v) =
= n(v+27), T0 H0OBEPXHOCTH K €CTh OJJHOCTOPOHHSIS
HOBEPXHOCTb.

PaccMoTpuM enie oiHy 3aMKHYTYIO IIOBEPXHOCTD
P

r(u,v) = s(v) + cos(u)l(v) + sin(u)s(v).  (7)

BekTop  HOpMasm  BJIOJNIb  KpUBOH  § =
= 2s(v)(cos(u) = 0) paBeH n(v) = [ry, ) =
= [2¢'(v),l(v)]. Or cmeHur HampasjeHue HA IIPO-
TUBOIIOJIOXKHOE, KOIJa TOYKa Kpuboi s = 2s(v)

3aBEPINT OJHBIF 000POT.
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TosepxuocTb P Tak:Ke 0JHOCTOPOHHSIA.

Bygem wuccienoBarh 3TH OBEPXHOCTH, KOIJA
KkpuBasi p = p(v) pacIoIoKeHa Ha Tope.

Paccmorpum Top

r(u,v) = ((a + bcos(u)) cos(v),

. . (8)
(a + bcos(u)) sin(v), bsin(u)).

Sagaaum junuio v = kv/2, rue k — nHeuerHoe
9HCIIO.
Torma BekTOp-MyHKIMS

p(v) = ((a + beos(kv/2)) cos(v),
(a + beos(kv/2) sin(v), bsin(kv/2))

ecTh 4m-niepuoguyeckasi MYHKINs, KOTOPasi He sIB-
JIIeTCd 2m-TIeEPUOINIECKON U 27T-aHTUIIEPUO U IECKOM
(obMOTKA TODA).

Nyeem

s(v) = (acos(v),asin(v),0), (10)
I(v) = (bcos(kv/2) cos(v),

(11)
bcos(kv/2) sin(v), bsin(kv/2)).

3ameuaeM, uTo Kpubas § = $(U) eCThb OKPYXK-
HOCTb.

Iocrpoum kpussie (9), (10) u mosepxuoctu (5)—
(7), ncronb3yst MATEMATHIECKHIT TAKET.

Ilpumep 1, a > b.

Tosoxum B (8) a =2,b=1,8(9) k =1, B (6)
m =2, f = —2cos(v/2), e = (0,0,1) u mocrpoum
rop (8) u=0,...,2m, v =0, ..., 2w, 06MOTKY TOpa (9)
p=p),v=0,..,47 upu k =1 (puc. 1).

Puc. 1. O6motka Topa, a =2, b=1, u =v/2

O6pasyromue kpusble B (6) nmpu v = 7/6, m = 2
u m = 3 u okpyxuocThb (10) nmeror Bug (puc. 2).
Nveem

l(v+7) = (sin(v/2) cos(v),
(12)
sin(v/2) sin(v), cos(v/2)).

Torzma (5) ectb ypaBHEHHE KJIACCHYECKOTO JIHCTA
MebGuyca (puc. 3).

r(u,v) = ((ucos(v/2) + 2) cos(v),

(ucos(v/2) + 2) sin(v), usin(v/2)),
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Puc. 2. Kpusaste npu m = 2 u ipu m = 3

u=-1,...,1, v=0,..27.
VYpasuenue (6) upu m = 2, f = —2cos(v/2),
e = (0,0,1) ompeneisieT KJIACCUYECKYIO OYTBLIKY

Kueiina, 3ajanuyio B Bujie BocbMepku (puc. 3)
r(u,v) = (2 cos(v) + sin(u) cos(v/2) cos(v)—

— sin(2u) sin(v/2) cos(v),
2sin(v) + sin(u) cos(v/2) sin(v)—
— sin(2u) sin(v/2) sin(v),
sin(u) sin(v/2) + sin(2u) cos(v/2)),

T, v=20,..2m.

Cueyer 3ameruTsh, uro, B cuity (11), (12) Bekro-
pot l(v), l(v+7)+ f(v)e OpTOroHaJbHBI OKPYKHOCTH.

ITosepxHOCTD (7) ABJIAETCA MOJENBIO HPOEKTUB-
HOI TIoCKOCTH. Kcam oT 3To#t Momenm OTpe3aTh
ILJIOCKOCTBIO HEGOJIBIION JAUCK, TO OCTABIIAACS YACTh
€cTh CKpelleHHbI Koumak (puc. 3).

r(u,v) = (cos(u) cos(v/2) cos(v)+

+2 cos(v)(1 + sin(u)), cos(u) cos(v/2) sin(v)+
+2sin(v)(1 + sin(u)), cos(u) sin(v/2)),
u=0,..27m, v=0,..72m.

Eciu meuernoe k > 1, To mMeeM nepekpydeHHbIE
TOBEPXHOCTH.

Ionoxum B (6) m = 3.
Umeem kpusosuneiinbiii suct Mebuyca (puc. 4 ).
VpaBHeHue ero uMeeT BUJ,

r(u,v) = (2cos(v) + sin(u) cos(v/2) cos(v)—

— sin(3u) sin(v/2) cos(v), 2 sin(v)+
+ sin(u) cos(v/2) sin(v)—
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Puc. 3. Jluct Mebuyca, 6yrbuika Kireitna ckpeleHHBIM
kommak a =2, b=1, u =v/2

— sin(3u) sin(v/2) sin(v),
sin(u) sin(v/2) + sin(3u) cos(v/2)),

vy v =0,...,2m.

Paccvorpum emme kpuBosmmaeitabIit auct Mebuyca
r(u,v) = (2 cos(v) + sin(u) cos(v/2) cos(v)+
+sin(3u) sin(v/2) cos(v), 2 sin(v)+
+ sin(u) cos(v/2) sin(v) + sin(3u) sin(v/2) sin(v),
sin(u) sin(v/2) + sin(3u) cos(v/2)),
-,

U = vy, v =0,..,2m.

CoeunuM  3TH  JiBa  JIHCTA,
=—-7/3,...,7/3.
(puc. 4).

Ecau monoxxute m = 1, To obpasdyias KpuBasi

€CTb OTPE30K IIPAMON U Mbl UMeeM JIMHEHYaThIi JINCT
Mebuyca.

ImoJjiarasg  u =

Tlomyanm Oy THLIKY

Kueitna

r(u,v) = (2 cos(v) + sin(u) cos(v/2) cos(v)—

— sin(u) sin(v/2) cos(v), 2 sin(v)+

+ sin(u) cos(v/2) sin(v) — sin(u) sin(v/2) sin(v),
sin(u) sin(v/2) + sin(u) cos(v/2)),

U= —T,..,T, ,2m.

v=0,..
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Puc. 4. Kpusonuneituwrit smct Mebuyca u OyTbLIKA

Puc. 5. Ilepekpyuennsiit mct Mebuyca u mepekpyJeH-
Kneiina, a =2, b=1,u=v/2, m=3

HBIH CKPEIIEHHBIH Komnak, a = 2, b =1, u = 3v/2

Ecim v = 3v/2, T0 uMeeM NepeKpyvdeHHbIE O-
BepxHocTu. IToctponM mepekpydeHHbli swmcr Me-
Guyca (puc. 5)

r(u,v) = ((ucos(3v/2) + 2) cos(v),

(ucos(3v/2) + 2) sin(v), usin(3v/2)),

u=-—1,...,1, v=0,..27

U [IepeKPYYEHHbBIH CKpeleHHblil Kounak (puc. 5)
r(u,v) = (cos(u) cos(3v/2) cos(v)+
+2 cos(v)(1 + sin(u)), cos(u) cos(3v/2) sin(v)+

+2sin(v)(1 + sin(u)), cos(u) sin(3v/2)),

u=0,...2m, v=0,..,2m.

Puc. 6. O6morka Topa u suct Mebuyca, a = 1/2, b = 1,
ITpumep 2, a < b. w=1uv/2
Tonoxum B (8) a =1/2,b=1, 8 (9) k = 1. Ilo-
CTPOMM JJIsl HALJISLAHOCTH IIOJIOBUHY TOPa, OOMOTKY
Ha HeM u jmct Mebuyca (puc. 6).
Sameuaem, aro juct Mebuyca kacaercst cebst. Ec-
a a < 1/2, b = 1, To uMeeM nepecedeHue JmucTa
Mebuyca.
g 6yrouiku Koeiina B (6) Bo3bMeM m = 2,
f = —2cos(v/2),e = (0,0,1) u oupemesum ypas-
Henus OyTbuiku KieiiHa 1 CKpeIeHHoro KoJaka.
Nmeem
Puc. 7. Jlucr Mebuyca, a =2,b=1, u =¢/2, v =2t
r(u,v) = (1/2cos(v) + sin(u) cos(v/2) cos(v)+
sin(2u) sin(v/2) cos(v), 1/2 sin(v)+ r(u,v) = (cos(u) cos(v/2) cos(v)+
sin(u) cos(v/2) sin(v) + sin(2u) sin(v/2) sin(v), +1/2 cos(v)(1 + sin(u)), cos(u) cos(v/2) sin(v)+
sin(u) sin(v/2) — sin(2u) cos(v/2)), +1/2sin(v)(1 + sin(u)), cos(u) sin(v/2)),
u=0,..,2m, v=0,..,27.
U=-—",..m, v=0,..2m,
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IIpumep 3.

Paccvorpum cirygan, xkorma oOMOTKa TOpa 3a/1a-
Ha ypaBHeHusaME u = t/2, v =2t, t =0, ..., 4.

Vpasuenne Jsmcra Mebuyca npu a = 2, b = 1
“MeeT BUJL

r(u,v) = (uwcos(1/2v) + 2) cos(2v),

(ucos(1/2v) + 2) sin(2v), usin(1/2v)),

Ecim obMoTka TOpa 3ajlaHa ypaBHEHUSIMU U =
= 3t/2, v = 2t, t = 0,...,4m, TO ypaBHeHUe JUCTA
Mebuyca pu a = 2, b = 1 upumer BuI

r(u,v) = (ucos(3/2v) + 2) cos(2v),

(ucos(3/2v) + 2) sin(2v), usin(3/2v)),

u=—1,....,1,v=0,..., 27. 1 MBI UMe€eM IIePEKPYYEH-
wbiil iuct Mebuyca.

Tocrpoum yiucr Mebuyca (puc. 7) npu u = 3t/2,
v=2t1t=0,...,4m.
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